Operations Research, Spring 2013

Suggested Solution for Midterm Exam

Instructor: Ling-Chieh Kung
Department of Information Management
National Taiwan University

1. (a) False. The correct statement is “If a standard form linear program has an optimal solution,
then it has an optimal basic feasible solution.”

(b) True. Any solution that is a convex combination of the two distinct optimal solutions is an
optimal solution.

True. By strong duality.
False. This statement is true if and only if the two solutions are primal and dual feasible.
False. The dual of (D) is (P), which is unbounded.

The optimal solution is (z1,z2) = (0, —2) (see the graph below).
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(b) The problem is unbounded (see the graph below). No matter how far you push your isoprofit
line, you can still find a feasible point on the isoprofit line.




3.

(a) The standard form is

max T + T
st. 2xy+ah—1x3=4
r1+xh+1x4=3

!
T1,To,T3,T4 2 0.

(b) The six basic solutions are listed in the following table. Three of them are feasible.

xy xh x3 x4 Feasible?
0 0 -4 3 No
0 4 0 -1 No
0 3 -1 0 No
2 0 0 1 Yes
3 0 2 0 Yes
1 2 0 0 Yes

(¢) The current tableau is optimal since all numbers in the objective row is nonnegative. The
current optimal solution is (z7,23) = (1,—2) (for the original variables). Since there is one
nonbasic column (the third column) having 0 in the objective row, we enter x3:

0001‘3 0001\3

10 -1 —-1|1 — 11 0 1|3
0 1 2 |2 01 1 2[2
This new tableau gives us another optimal solution (z7*,z3*) = (3,0).

(a) The standard form is

max T — 2o
s.t. x — 2x3 + x4 = 6
I A + x5 = 12
SIQ - 2I3 + Tg — 8
z, > 0 Vi=1,..6
We run two iterations to get the optimal tableau:
-1 2 0 0 00 0 0 2 -2 1 00 0
(1] 0 =2 1 0 0| 24=6 1 0 -2 1 0 0|x1=6
_)
1 -3 1 01 0|as=12 0 -3 [3] -1 1 0]as=6
0 3 -2 00 1| x24=28 0 3 -2 0 0 1|xz=28
12
0 0 0 5 35 0 10
102 _
-1 1 —% % 0 .13322
2 2 _
1 0 -5 35 1l]lze=12

The current basic feasible solution corresponds to an optimal solution z* = (z7, x5, x%) =
(10,0,2) for the original problem. Because x5 is nonbasic and has 0 reduced cost, there are
multiple optimal solutions.



5. First we write down the Phase-I LP
max — X3
st. 1 —ax9+x3=2
xr1+ x4 = 4
Zj > 0 VJ = 1,...,4.

Here 3 is an artificial variable and x4 is a slack variable. An initial basic feasible solution for the
augmented form is (0,0, 2,4). Because

0010\0

1 -1 1 0
1 0 01

1‘3:2

$4:4

is not a valid tableau, we fix the objective row and then run one simplex iteration:

-1 1 0 0] -2 0 0 0‘ 2
11 0|az=2 — 1 -1 0|z =2
1 0 0 1|z4=4 0 1 1|wg=2

We delete the column for 3 when x3, the artificial variable, leaves the basis. This gives us a basic
feasible solution (z1, 2, 24) = (2,0,2) to the standard form LP (with only z1, xo, and z4). We
then put the original objective function back:

-1 0 o‘ 0
1 -1 0|z =2
0 1 1|z4=2

Again, we fix the objective row and do one more iteration to find the optimal solution:

0—10\2 001‘4
1 -1 0lm=2 = 1 0 1|a,=4
0 [1] 1]|as=2 01 1|ap=2

Therefore, the original program has a unique optimal solution (z1,z2) = (4,2) with the objective
value 4.

6. Formulation 1. We label the bundle as product 4. Let
x; = sales quantity of product i, i =1,...,4.

Define S = (500, 500) as the supply vector, P = (20, 30, 15, 45) as the price vector, D = (100, 50, 120)
as the demand vector, and

R =

S WO
—_ o O

as the material consumption matrix. The problem can then be formulated as

max Z?:l Px; (Maximize total sales revenue)
s.t. Z?:l Rijxz; <S; Vj=12 (Supply limitation)
z; <D; Vi=1,.,3 (Demand limitation)
;>0 Vi=1,...,4.



Formulation 2. Alternatively, we may formulate this problem in another way. Let

y; = production quantity of product ¢, i =1, ...,3 and
y4 = sales quantity of product 4.

The problem is then formulated as

max Z?;l Pi(y; —ya) + Z?:g Py, (Maximize total sales revenue)
s.t. Z?Zl Rijx; <S; Vj=1,2 (Supply limitation for products 1, ..., 3)
Ya <y, Ya < Y2 (Supply limitation for product 4)
yi—ys < D; Vi=1,2 (Demand limitation for products 1 and 2)
y3 < Ds (Demand limitation for product 3)

y; >0 Vi=1,..4.

7. A branch-and-bound tree is depicted below. For each node, we solve a two-dimensional problem
by the graphical approach. The optimal solution for the IP is z* = (x],23) = (6,2) and the
corresponding objective value is z* = 62.

21 =132 =665
_ (21 7
xl_(f7§)
l‘1<5 .Z‘1>6
2 =157 ~ 65.67 73 = 62
7= (5,4) vt = (6.2)
z2 <3 To >4
z4 = 61 z5 = 64
at = (573) z® = (%74)
T <4 1 >5

Infeasible

8. (a) Let

x;; = number of consumers served in city j of county ¢, ¢ =1,...,10, j =1,..., 5,

{ 1 if a DC is built in county 4

0 otherwise st =1,...,10,

Yi =

i=1,..,10,j=1,....5,

- 1 if a store is built in city j
I 0 otherwise



be the decision variables. The problem can then be formulated as

10 5 10
max Yy Y- {(Rz‘j = Cij)ij — Fijzij} - Hiyi
=1

i=1 j=1

5
st > wy <Ky, Vi=1,.,10
j=1
2ij < Dyjzij Yi=1,..,10,j=1,..,5
zij > 0,25 €{0,1} Vi=1,..,10,j=1,..,5
yi,w; € {0,1} Vj=1,..,5.

The objective function maximizes the total sales revenue minus the total cost (unit cost and
construction costs). The first constraint ensures that we do not serve more consumers than we
can and relates serving consumers and building DCs: When we serve any consumer in county
i (x5 > 0 for any j), we need to build a DC (y; = 1). The second constraint ensure that
we do not server more consumer than we have and relates serving consumers and building
stores: When we serve any consumer in city j of county i (x;; > 0), we need to build a store
(zi; = 1). The other constraints ensure variables are nonnegative or binary.

4 5

(b) >is Zj:l zij 2 3.

(¢) Let a; be 1 is there are at least three stores in county 7 and 0 otherwise, ¢ = 1,...,10. Then
we add the following constraint Z?:1 zij > 3a; for all i = 1,...,10 to ensure that if we want
to have a; = 1, we need to build at least three stores in county 7. This and the constraint

10 .
> i—1 @i > 5 together meets our requirement.

9. Let the basis be B = {x3, 21} and the nonbasic variables be N = {2, x4, x5}, we have

2 1 2z _1
B:{IQ}, B_1:[3 3}, andcp=[1 3].
(a) We have

ewBl=[ 4 £,
1

which implies that the shadow prices for constraints 1 and 2 are —% and g, respectively.

(b) The dual LP is

max 6y1 + 9y2
st. y1 + 2y2 > 3
yi o+ 2y2 = 2
297+ y2 =2 1
y1 < 0,y2 > 0.

(¢) Suppose dual constraint 1 is nonbinding at a dual optimal solution, its shadow price, which is
the value of z; in the primal optimal solution, must be 0. As this is not true, dual constraint
1 must be binding. Similarly, dual constraint 3 must also be binding. We may then solve the
linear system

Y1 +2y2 =3
2 +y2 =1

and obtain a dual optimal solution (y;,y3) = (—3,5). As this is identical to the solution we

find in Part (a), the primal shadow prices are verified.



