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LImplementation

Road map

» The algebra of the simplex method.
» The tableau approach.

» The second example.
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LImplementation

The implementation of the simplex method

v

The idea is intuitive and simple, but how to implement it?

» Now we need mathematics, in particular, linear algebra.

v

Consider a standard form linear program

min cx
st. Az =0
x > 0.

v

We may assume that all rows of A are linearly independent.

v

Given a basis B and the set of nonbasic variables N, how may
we determine the entering and leaving variables?
» At this moment, treat B as given. We will discuss how to find an
initial basis later.
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LImplementation

Splitting into basic and nonbasic sets

» First, given the basis B, we may split = into (zp,zy), where zp
includes basic variables and x includes nonbasic variables.

» We may also split ¢ into (cp,cy) and A into (Ap, An).
> cp € RYX™ ¢ e RIX(n=m) - A p c RMXm and ¢n € R(P-m)xm,

» As an example, consider

min -z
s.t. 2r1 — x9 + x3 = 4
2x1 + o + x4 = &8
) + x5 = 3

;>0 Vi=1,..,5.
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LImplementation

Splitting into basic and nonbasic sets

» In the matrix representation, we have

2 -1 100
c=[-10000], A=]|2 1 010
0 1 001
» If xp = (21,24,25) and xy = (x2,x3) we have
cg=[-100], ex=[0 0],
2.0 0 11
Ap=1]2 10|, Av=] 1 0
0 01 1 0

» Orders of variables in g and z affect these parameter matrices!
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LImplementation

Reducing the formulation

» With the split, the linear program becomes
min cpxp + cNTN
s.t. Aprp+ Anyxy =0b
zg,rN 2> 0.
» For constraints, we may obtain xp = Agl(b — Anyzy). We may
then plug in this into the objective function and get
min c¢p [Aél(b — ANHJN)] +cNaN
s.t. xp= Aél(b — ANa;N)
zp,rny = 0.

» Ap is indeed a square matrix. But why Apg is invertible?
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LImplementation

Reducing the formulation

» With some more algebra, the linear program becomes

min CBAélb — (CBAE;IAN — CN)xN
st xp=Ag'b— A Ayan
zp,rN = 0.

» Note that 2y = 0 (a zero vector), so for the current basis B:

» The values of the basic variables are xp = Ag,lb.
» The objective value is z = cBAglb.

» We will use z to denote the objective value for a given basis
and z* to denote the objective value for the optimal basis.
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LImplementation

Utilizing the new representation

» As an example, consider

min —zj
s.t. 2r1 — x9 + x3 = 4
21 + x2 + x4 = 8
X2 + x5 = 3
;>0 Yi=1,..,5.
» For xp = (z1,24,75) and xxy = (x2,x3), we have
2 00 -1 1 4
Ag=12 1 0|, Ay= 1 0f, b=|8],
0 0 1 1 0 3
cg=[-100], en=[0 0].
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LImplementation

Utilizing the new representation

» It then follows that

100 4 2 1
zp=Azb=| -1 1 0 8| =|4]|=] 24
0 01 3 3 5
and
2
— —1p —
z=cpAg'b=[-1 0 0] |4 |=-2
3

» The current basic feasible solution is

T = (-Tl)x27$371‘471"5) - (2707074)3)'

9/41
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Utilizing the new representation

» At the point (2, 0):

» It corresponds to the bfs
x=1(2,0,0,4,3).

» Indeed those two binding
constraints correspond to
variables x5 and x3.

» That is, B = {x1,24,25}.

» x4 >0 and x5 > 0: There are
positive “distances” between (2,
0) and the two corresponding
constraints.
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LImplementation

Reduced costs
» Look at the coefficient of x in the objective function again:
min cBAglb - (CBA;AN - cN)a:N.

We define the reduced cost: ¢y = cBATBlAN —CN.-
» oy € RIX(=m) jg 5 vector:

[ cB ] Agl Apn —[ CN ]
1xm mxm m x (n—m) 1x (n—m)

» Each element of ¢y is a coeflicient of one nonbasic variable. For
one nonbasic variable x; € N, its coefficient is

g=[ e ]| A A | =[¢ ]
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LImplementation

Reduced costs

» For the same example with N = {z3, 23}, note that

CN = CBAglAN —CN
3 00 -1 1
=[-100]|-110 1 0|—-[0 0]
0 01 1 0
_ 1 1
=2 -2
» So the reduced cost of x5 is 52:%&11(1 that of x3 is 63:7%.

» This is the amount of reduction in cost by increasing z; by 1.
» We will choose z2 as the entering variable. Why?

» In general there may be multiple nonbasic variables having
positive reduced costs. In that case, we need a selection rule.
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Reduced costs

» At the point (2, 0):

» Entering xo means moving
along direction D, which is
indeed improving (¢ > 0).

» Entering x3 means moving
along direction C, which makes
things worse (¢3 < 0).

2$1—£L‘2§4

» Now we know how to find an

entering variable algebraically. o

\
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LImplementation

The leaving variable

» Suppose ¢; > 0 and we have decided to let z; enter.
» How to choose the leaving variable?

» Let’s look at the constraints. Because xp > 0, we have
zp = Ag'b— Az Anzn > 0.

» Increasing x; is certainly good (because ¢; > 0), but that may
violate the constraints (i.e., make a basic variable negative).

» We want the largest improvement, so we should keep increasing
x; until a basic variable becomes zero.

» That basic variable will leave the basis.
» How to find that basic variable?
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LImplementation

The leaving variable

> Ap'b e R APl Ay € Rm*(=m) and oy € RV-mXL
» When z; increases and all other nonbasic variables remain 0:

0
0

A | - AR AN 0 | =| Ag'd | — | Az'4; | z;.
T

mx 1 mx(n—-m) (n—m)x1l mxl mx 1

» A; is the jth column of matrix A.

» To determine which basic variable will become 0 first, we may do a
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The ratio test

» While increasing x;, we need to make sure that
-1 —1
A B b — AB Aj l‘j Z 0.

» Note that Ag,lb > 0 but A;Aj is not.
» For element i, if (A5'A;); <0, then A5'0 — AZ'A;z; will never
be negative when we increase ;.
» For those k such that (A3'A;); > 0, we define

(Ag'b)k
(A5 A))
» Then the ith row will become 0 first if and only if

0; <6p VE: (A5 A, > 0.

0 = Vk : (A5' Ak > 0.
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LImplementation

The ratio test

» For the same example with N = {z3, 23}, we have decided to let
xo enters. Then we have

1 00 ~1 -3 2

-1 —1
Ag'Ag=| -1 1 0 1 =] 2 |and A5'0b=| 4
0 0 1 1 1 3

Note that the three rows are for x1, x4, and x5, respectively.
» So the relevant ratios are
4

3
622522 and 932123

The ratio for z is irrelevant because —% <0.

» As 0y = 2 < 3 = 63, x4 (the basic variable associated with the
second row) will be the leaving variable.

» In general, if there is a tie, a selection rule must be specified.
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LImplementation

The ratio test

» At the point (2, 0), along
direction D:
-
» AGtAy = [ 2 | and
1
2
Ag'b=| 4
3

» We will hit 221 + zo < 8 before
23)1 — T2 < 4.

» We know this as 05 < 03.

» The last nonbinding constraint,
x1 > 0, will never be hit.

» We know this as —% <0.

(1)
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x1

e
Y
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Summary of the simplex method

» For a minimization LP with an optimal solution (i.e., neither
infeasible nor unbounded) and an initial basis B:

» Start from B and the corresponding set of nonbasic variables N.

» Repeat:
» Calculate the reduced costs

CN = CBA;;lAN — CN.

Choose an entering variable z; that has ¢; > 0.
» If ¢y <0, stop and report the current bfs as optimal.
» Do the ratio test by calculating

(A5'D)x

O = ——
(A5'Aj)k

Vk : (A" Aj)r, > 0.

Choose a leaving variable z; who has the minimum relevant ratio.
» Switch x; and z; in B and N.

19 /41
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LImplementation

Summary of the simplex method

» At each iteration:
» First check what are B and N.
» Read Ap, An, cB, cN, and b from the original formulation.
» Calculate z = cBAglAN7 CN = cBAglAN —CN, TR = Aglb, and
A AN,
» These four things will change whenever the basis changes
» For maximization problems:

» Change it to a minimization problem.
» Choose a negative reduced cost for the entering variable.
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LImplementation

Summary of the simplex method

» The idea of the simplex method is simple:
» Move along edges.
» Search for improving directions greedily.
» Stop when no way to improve.
» Implementing the simplex method requires linear algebra.

» But the arithmetic requires only inverse and matrix
multiplication.
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LImplementation

Summary of the simplex method

» Some things are still missing:
» How to obtain the initial basis?
» Why Ap is invertible?
» What if there are multiple choices for entering and leaving
variables?
» May we know whether the optimal solution is unique?
» What if the linear program is infeasible or unbounded?

» We will answer some of these questions later. Before that, let’s
get more familiar with the simplex method by studying the
tableau approach.
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Road map

» The algebra of the simplex method.

» The tableau approach.

» The second example.

23 /41
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Reduced standard form

» Recall that a standard form LP min{cz|Ax = b,x > 0} can be
expressed as
min CBAEII) — (CBAélAN — CN).%'N
st. xp=Ag'b— A Ayay
rg,ry 2> 0.

» We may further reduce it to

min - (cBAglAN—cN)azN + CBAg,lb
st. Iz + AglANxN = Aglb

xp,rN 2> 0.
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Tableau

» The last form can be organized into a tableau:

(1) 0 ‘ CBAglAN — CN ‘ CBAglb

(m) I A AN Ag'b

(m) (n —m) (1)

» Changing B and N requires to update cBAglAN —CN, cBAglb,
AglAN, and Aélb. Now these can be done by doing
elementary row operations on the tableau.
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LTableau approach

Tableau

» Consider the linear program

min — 2.%'1 — 3.%'2
st. a1+ 2x9<6
21+ 22 <8

;>0 Vi=12.

and its standard form

min —2xr; — 3x9
s.t. r1 + 2x9 + a3 = 6
2r1 4+  x9 + x4 = 8

;>0 Vi=1,.. 4.
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Initial bases

» We need an initial basis that gives us a basic feasible solution.
» B = {x3,24} must give us a basic feasible solution. Why?

» For any original LP with only no-greater-than constraints and
nonnegative RHS, we may select all slack variables to form
our initial basis.

» The initial tableau is

23 00| O

1 2 1 0jx3=6
21 0 1|z4=38

» The basic columns have zeros in the Oth row and an identity matrix
in the other rows.

» The identity matrix associates each row with a basic variable.

» Numbers in the Oth row for nonbasic columns are reduced costs.
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Iterations: the entering variable

v

How to find an entering variable in a tableau?

v

All we need to do is to find a positive value in the Oth row!

» In the Oth row, nonbasic columns contain reduced costs.
» To decrease the objective value, we need a positive reduced cost.

v

In this example, we may enter either x; or xo.

v

We have not introduced any selection rule. Let’s just choose x.

23 00 O

1 2 1 0|xz3=6
21 0 1|x4=28
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Iterations: the leaving variable

» How to find a leaving variable in a tableau?
» All we need to do is a ratio test:

» Divide the RHS column by the entering column.
» Among those rows with a positive denominator (the value in the
entering column), we find one that has the smallest ratio.

» In this example, x4 leaves because % < %

2 300 O

1 21 0fjx3=6

2] 1 0 1]|a24=38
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Iterations: pivoting

» Once we determine the entering and leaving variables, we find
the

» The intersection of the entering column and the leaving row.
» To move to the next basic feasible solution, we need to make
the entering column a basic column:

» The pivot should become 1.
» All other numbers in that row should become 0.
» Do this through elementary row operations.

» In this example:

2 300 0 020 —1] -8
1 21 0jzz=6 — 0 3 1 —F|z3=2
2] 1 0 1]|a2,=38 1 1o L z=4
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Iterations

» Let’s do one more iteration.

» Entering variable?
» Leaving variable?

» In this example:

_ _ 4 1 32
0201‘8 00 —4 1| 2
0 1 —1lag=2 — 01 3 —i|a=3}

1 2 10
2 0 5 ;=4 3 3 |m=3

v

Stop or keep iterating?
We have found the , which implies that the
optimal basic feasible solution is x* = (13—0, %, 0,0).

v

v

The objective value is —2 x ? -3 x % = —%. Coincident?
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Summary

» To use the tableau approach for a minimization problem (with a
given basis) which has an optimal solution:

1. Find the standard form.

2. Copy numbers into the tableau but negate the objective coefficients.
3. Repeat:
3.1 Find a positive number in the Oth row for an entering variable. If

there is none, stop and report the optimal solution.
3.2 Do a ratio test for a leaving variable.

3.3 Pivoting: Make the entering column a basic column.
» How about maximization problems?

» Just replace “positive” by “negative” in Step 3.1.
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Visualizing the iterations

A I
> Let’s visualize this example and
relate basic feasible solutions

with extreme points:
» The initial tableau corresponds
to the origin 2° = (0,0).

» After one iteration, we move to

x! = (4,0).
» After two iterations, we move to : 92s — 6
2 _ (10 4 . . . X1+ 2rg =
r* = (3, 3), which is optimal.

2:0 .’L']'
=(0,0) =1(4,0)
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Road map

» The algebra of the simplex method.

» The tableau approach.

» The second example.
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The second example

» Consider another example:

max Tl
st. 21 — X9
(P) 2r1 4+ x9

IV AN IAIA
O w

(Constraint 1)

(Constraint 2)

(Constraint 3)
Vi=1,2.
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Initialization

» Looking at the graphical solution for (P), we may see that its
optimal solution is 2* = (3,2). The dotted line is the isoprofit
line. The short arrow indicates the direction we push the
isoprofit line.
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Initialization

» The standard form of problem (P) is

max
st. 21 — w2 + 23
(S) 2x1 + w9 + x4

x2
;>0 Vi=1,..,5.

Ts5

Qo
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The first iteration

» For problem (5), we form the initial tableau

-1 0 0 0 0] O

-1 1 0 0|z3=
1 0 1 0|xg=8
1 0 0 1 x5:3

The initial basic feasible solution (bfs) is 2° = (0,0, 4,8, 3).
The current objective value zy = 0.

Basic variables are x3, x4, and x5.

Nonbasic variables are x1 and xs.

vV vy VvYy

» In the graph of (P), we may see that 20 is the origin.
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LThe second example

The first iteration

» The entering variable is 1 because it is the only nonbasic
variable that has a negative reduced cost. Note that this is a
maximization problem!

» The leaving variable is x3 according to the ratio test. Note that
row 3 does not participate in the ratio test. Why?

» The next tableau is found by pivoting at 2:

-1 1
-1 0 00 0] © 0 % 3 o0oo0| 2
2] -1 10 0faz=4 _ 1 F I 00]|z=2
2 1 01 0f|xq=38 0 2 -1 1 0[|ag=4
0 1 00 1|a5=3 1 0 0 1|as=3

» The current bfs becomes x! = (2,0,0,4,3) and the current
objective value becomes z; = 2.
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LThe second example

The second iteration

» The entering variable is x5 because its reduced cost is negative.

» The leaving variable is x4 according to the ratio test. Note that
row 1 does not participate in the ratio test. Why?

» The second iteration is

0 3+ 2 o0o0] 2 00 3 % 0] 3
134 3 00lm=2 _ 10 1 1 ola=3
0[2] -1 1 0|ay=4 01 % 1 Ty =2
01 0 0 1|zs=3 00 & F 1|zz=1

and we get the third bfs 2* = (3,2,0,0, 1), which is optimal, and
the optimal objective value z* = 3.

» As no nonbasic variable has a negative reduced cost, we conclude
that the current basis is optimal.
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Verifying our solution

» The three basic feasible solutions we obtain are
> x =(0,0,4,8,3).
» 2t =(2,0,0,4,3).
> gt (3,2,0,0,1).
Do they fit our graphical approach?

201 + a2 =8
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