Homework 3

&
ftn
i
iy

1IN
i
Bt

il

IS
K

)
=
s
2
3
£
S
ag




Questionl

TR [(n) — logy(n), cr a,a > 27
INOEME a EA—IRW a - BHINRITE
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Question2(a)

f(n)= (log n)**¢"g(n)= 57
Claim f(n)=0(g(n)), 3cINVYn >N, let c=1

(/Ogn)/ognzc ) (Iogn)

logn ML x fEA X > C(2—:)

W= [T = {
EEEE ogx > x+ loge — logx (& x>1 A1)

When n>2,c=1
f(n)=Q(g(n))
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Question2(a)

To prove f{n) # O(g(n)), we prove f(n) = w(g(n)), that is,

lim,, o % =0

lim gln) _ fogn

n—o0 f(n) T n—oo logn'esn
) n
= llm B
n—oo logn - logn'en
— 1 n
- ng& /Ogn(logn)—H

1
= lim ————— (By I'Hopital’s rule
nooo logn - L Joge (By PHopital's rule)

=0

Hence f(n) = w(g(n)) # O(g(n)).
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Question2(b)

fin) = n*2", g(n) = 3"

Guess f{n) = O(g(n)), then there exist constants ¢ and N such that,
forall n> N, f(n) < cg(n).Let c=1

n?2" < c3"

= <c3)

< 2logn < n(log c + log 3 — log 2)

< 2logn < 0.586n

When n =13, 2log13 ~ 7.4 < 0.586 x 13~ 7.6

We find when ¢ =1, n > 13, n?2" < 3",

Hence f(n) = O(g(n)).
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Question2(b) cont’d
To prove f(n) # Q(g(n)), we prove f(n) = o(g(n)), that is,

lim,, 00 ?':7) =0
f 22n
lim ﬂ = lim n
n—o0 g(n) n—oo 3N
2
= lim g
n—o0 (5)”
I 2N (By I'Hépital's rule)
= lim ————~— (By i u
e ()3
2

= lim W (By |'H6pita|'s rule)
2
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Question3

(n D+[T(n-2)+T(n-3)+...]... @

(N)+[T(n-1)+T(n-2)+T(n-3)+...]... @

T(n-1)
T(n)=
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Question3

T(n-1)=(n-1)+[T(n-2)4+T(n-3)+...] ... @
T(n)=(n)+[T(n-1)+T(n-2)+T(n-3)+...]... @

Q@ - O:
T(n)-T(n-1)=[n-(n-1)]+T(n-1)
T(n)=2T(n-1)+1
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Question3

T(n)=2T(n-1)+1
=2[2T(n-2)+1]+1
=22T(n-2)+(2+1)
—=22[2T(n-3)+1]+(2+1)
=23T(n-3)+(22+2+1)

=2'T(n-i)+(14+2+2%+. .. +271)
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Question3

2T (n-i)+(1+242%+. .. +271)

i L (n-1) A
=2""LT(1)+(142+... +2"2)
—on— 1 1+ (2n -1

=2"-1
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Question4

Consider the recurrence relation

T(n) =2T(n/2)+ 1, T(2) = 1.

We try to prove that T(n) = O(n) (we limit our attention to powers
of 2). We guess that T(n) < cn for some (as yet unknown) ¢, and
substitute cn in the expression. We have to show that

cn > 2c(n/2) + 1. But this is clearly not true. Find the correct
solution of this recurrence (you can assume that nis a power of 2),
and explain why this attempt failed.
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Question4(cont’d)

The attempt in this question failed because we have no way to
eliminate the positive constant(1 in this case), which would
accumulate during the recursion.

We may try a more strict guess: T(n) < cn—1, which implies
T(n/2) < cn/2—1.

If we substituting the upper bound cn/2—1 for T(n/2) in the
induction step, we get

T(n) =2T(n/2) + 1
<2(en/2—1)+1
=cn—2+1
=cn—1

<cn

Hence we have proven that T(n) < cn, implying T(n) = O(n).
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Questionb

EFRERE (EMERE)

G(x) = Z ax"

R EHRESIMRIRIE 1 Bts - albiEE n € 1 B
VUNBREARER n=0 BIARAE
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Questionb
HMBE T,=T,1+2T. s

Fixy = T, + T, x + T3 X
—x F(x) = - T x — T, X
—2x F(x) = - T, X
(I-x=2¢) Fx) = T + (To—T1) x
14+ x
F(X)_l—x—2x2
B 1+ x
(101 —2x)
1
S 1—2x

Homework 3

Algorithms 2019

14/16



Questionb

Fx) = T + T, x + T3 X + ..

=1 4+ 2 x 4+ 4 X + .. 42"+ ..
RBREEMY - T, HFER 1 T, HFER 2 -
m T, BHER x" ! WE&HE: 27!
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Questionb

EEEAURS |
BE Y 2 2°x" BB N T(n) =2"
ERoLOBRE LFR  BIHME  BRENEEZENE B

H—FIBIE T() M XX WE—E - REBRSFE >, 27"
B0 F—EmERZ 1

T, HER x"1 - GREA 2!

=—FE T(1) 28 X WE—IE - BPEZSFEA D7 271X
Bl F—ENtEZ 1

T, HIEZE x - GEEZ 27!

RFNIFEAERE - BB T, =0 X - ERABHE
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