Homework 9



Problem1 (a)

Run the strongly connected components algorithm on the directed
graph shown in Figure 1.

When traversing the graph, the algorithm should follow the given
DFS numbers.

Show the High values as computed by the algorithm in each step.
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Problem1 (b)

Add the edge (5, 8) (=(e,h)) to the graph and discuss the changes
this makes to the execution of the algorithm.
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Probleml (b)
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Problem?2

Let G= (V, E) be a directed graph, and let T be a DFS tree of G.
Prove that the intersection of the edges of T with the edges of any
strongly connected component of G form a subtree of T.
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Problem2(cont’d)

Simple example

22 2

(a) DFS tree (b) SCC edges (c) intersection
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Problem2(cont’d)

Proof by contradiction:

Suppose the intersection are two subtrees T1 and T2. Because T1
and T2 are in the same strongly connected component, according to
the property of SCC, there must be an edge from T1 to T2 and an
edge from T2 to T1.

No matter which subtree the DFS procedure reaches first, it will
finally go through the edge which connects T1 and T2 and visit the
other subtree. Then the DFS tree T must contain that edge but it
clearly doesn’t. Contradiction.
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Problem3

Consider the algorithm discussed in class for determining the strongly
connected components of a directed graph. Is the algorithm still
correct if we replace the line

"v.high :=max(v.high, w.DFS_Number)" by

“v.high :=max(v.high, w.high)" ?

Why? Please explain.
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Problem3(cont’d)

Algorithm

function STRONGLY__CONNECTED__COMPONENTS(G, n)
for every vertex v of G do
v.DFS_Number := 0;
v.Component := 0;
Current_Component := 0; DFS_N := 0;
while v.DFS_Number = 0 for some v do
SCC(v)
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Problem3(cont’d)

Algorithm

1: procedure SCC(v)

2: v.DFS_Number := DFS_N;
3 DFS_N := DFS_N—1;

4: insert v into Stack;

5: v.High := v.DFS_Number;
6: for all edges (v, w) do

7 if w.DFS_Number = 0 then
8

9

SCC(w);
b v.High :=max(v.High, w.High)
10: else if w.DFS_Number > v.DFS_Number and
w.Component = 0 then
11: v.High := max(v.High, w.DFS_Number)
12: if v.High = v.DFS_ Number then
13: CurrentComponent := CurrentComponent + 1;
14: repeat
15: remove x from the top of Stack;
16: x.component := CurrentComponent
17: until x=v
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Problem3(cont’d)

Still correct.

Only when line 10 is True(We look at a vertex w that we have
reached before and it does not belong to any SCC yet), we can reach
line 11.

At this moment, if w.DFS_Number and w.High are the same then
this case has no impact. If they are different, the only case is
w.DFS_Number < w.High, indicating that v and w are in the same
SCC. Since we will finally return to the vertex that is the leader of
this SCC, its High will set to max(v.High, w.High), which is exactly
its DFS_Number(Because the propagation of the High value of the
SCC leader ).

Hence when we reach line 11, we can argue that the algorithm is still
correct if we replace line 11 by “v.high :=max(v.high, w.high)"

If you have trouble understanding this, draw a figure and trace the
code!
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Problem4
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Problem4
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Problem4

LCS(A, B) = 0 if A or B are empty
LCS(A, B) = LCS(A-1, B-1) if A = (A-1) + x, B = (B-1) + x
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Problem4

LCS(A, B) = 0 if A or B are empty
LCS(A, B) = LCS(A-1, B-1) if A = (A-1) + x, B = (B-1) + x

otherwise...
LCS(A, B) = max(LCS(A-1, B), LCS(A, B-1), LCS(A-1, B-1))
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Problem4
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Problem4
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Problem4

function LCS(A, B)
m := len(A), n := len(B);
initialize Table with type int[m + 1][n + 1];
for i from 0 to m do
for j from 0 to n do
if i =0o0rj=0then
Table[i][j] := 0;
else if Afi - 1] = BJj - 1] then
Table[i][j] := Table[i - 1][j - 1] + 1;
else
Table[i][j] := max(Table[i][j - 1], Table[i - 1][j]);
return Table[m][n];
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Problemb

length(n) = max(length(i) + 1 for i in 0..(n-1) if S[i] < S[n])
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Problemb
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Problemb
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Problemb

function LIS(S)

n := len(S);
initialize length with type int[n];
for i from 0 to (n-1) do

lengthli] := 1,
for i from 0 to (n-1) do

for j from (i+1) to (n-1) do

if S[i] < S[j] then
length[j] := max(length[i]+1, length[j]);

return max(length);

EHES O(n)
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Problem5
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Problemb
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Problemb

function LIS2(S)
n := len(S), max_length := 1;
initialize List with type int[n];
List[0] := SIO];
for i from 1 to (n-1) do
find the largest element in List[0:max_length] that is
smaller than SJ[i];
put S[i] right after the element;
if S[i] is put beyond List[0:max_length] then
max_length++;
return max__length;

C++ B9 std::lower_bond EREFLIEH 7 "4 IS/ \WTENGE |
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