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Questionl

Consider again the inductive definition in HW#1 for the set of all binary trees that store
non-negative integer key values:

(a) The empty tree, denoted L, is a binary tree.

(b) If ¢; and t, are binary trees, then node(k,t;,t,), where k € Z and k > 0, is also a
binary tree.

Refine the definition to include only binary search trees where an inorder traversal of a
binary search tree produces a list of all stored key values in increasing order. Then, define
inductively a function that outputs the rank of a given key value (the position of the key
value in the aforementioned sorted list, starting from position 1) if it is stored in the tree,
or 0 if the key is not in the tree.
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Questionl

© The empty tree, denoted L, is a binary search tree.

@ If t; and t, are binary search tree,
every key value (of descendants) in the nodes of t; is smaller
than k, and
every key value (of descendants) in the nodes of t, is larger than
k,
then node(k, t, t,), where k € Z and k> 0, is also a binary
search tree.
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Questionl
tis a BST and n is the given key value.

—Exist(t
Rank(t, n) = 0, ~Exist(t, n) _
Rank '(t, n), otherwise
false, t = L

true, t = node(n, t, t,)
Exist(t;, n), t = node(k, t;, t,) and n < k
Exist(t,, n), t = node(k, t, t,) and n > k

Exist(t, n) =

Rank'(t;, n),n < k
Rank '(node(k, t, t;),n) = ¢ Count(t)) +1,n= k
Count(t;) + 1 + Rank '(t,,n), n > k
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Questionl

RS AERE

Rank(t,n) = Rank'(t,n,0)

0,t=1

Rank'(t), n,x), t = node(k, t;, t,) and n < k
x+ Count(t;) + 1,t = node(k, t;, t,) and n = k
Rank ' (t,, n,x + Count(t;) + 1), otherwise

Rank'(t, n, x) =

0,t= 1L
Count(t;) + 1 + Count(t,), t = node(k, t;, t,)

Count(t) = {
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Question2

Consider the following recurrence relation:
T(0)=0
T(1) =1
T(h)=T(h—-1)+T(h—2)+1, h>2

Prove by induction the relation T'(h) = F(h 4 2) — 1, where F(n) is the n-th Fibonacci
number (F(1) =1, F(2) =1, and F(n) = F(n — 1) + F(n — 2), for n > 3).
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Question2

[Base Case| (h=0) T(0)
(h=1) T(1) =

=F0+2) -1
F(1+2)—1

0=1-1
1=2-1

[Induction Step] T(h)=T(h—1)+ T(h—2)+1
=(F(h+1)=1)+ (F(h) —1)+1
=Fh+1)+ F(h)—1
— F(h+2)—1
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Question3

(2.30) A full binary tree is defined inductively as follows. A full binary tree of height
0 consists of 1 node which is the root. A full binary tree of height h + 1 consists of two
full binary trees of height h whose roots are connected to a new root. Let T be a full
binary tree of height h. The height of a node in T' is h minus the node’s distance from
the root (e.g., the root has height h, whereas a leaf has height 0). Prove that the sum of
the heights of all the nodes in T is 2"t1 — b — 2.

Homework 2 Algorithms 2020 8/18



Question3

[Base Case| height=0

[Induction Hypothesis] height=h+1
(2 % Sum of the height in T) + height of root

=2%(2M —h—2) + (h+1)
:2"+2—2h—4+h+1
_2(h+1 (h+1)—2
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Question4

(2.23) The lattice points in the plane are the points with integer coordinates. Let P be
a polygon that does not cross itself (such a polygon is called simple) such that all of its
vertices are lattice points (see Figure 1). Let p be the number of lattice points that are
on the boundary of the polygon (including its vertices), and let ¢ be the number of lattice
points that are inside the polygon. Prove that the area of polygon is § +¢ — 1.

Figure 1: A simple polygon on the lattice points.
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Question4

[Base Case| p=3, q=0

Area=3+0-1=1=5+q-1

[Induction Step| p=3, g>0

We can find a point g, in this triangle.
Connect this g; to the three vertices.

Split the large triangle to three small triangle.
Assume that there are g4 nodes on the line.
Induction Hypothesis :

The area of each small triangle is £+q-1.

Area:%—l-(q—l'%)'?’ (=fE=m)
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Question4(Continue)

[Induction Step] p>3, ¢ >0

We can split the shape to a triangle and a polygon.
Assume that there are dg, nodes on the line.

Area—p+2qd+(q 1-q4)=5+0-1

By M.1., we can prove that the area of the polygon is £+g-1
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Questionb

Consider the following pseudocode that represents the selection sort. The elements of an
array of size n are indexed from 1 through n. Function indexofLargest gives the index of

the largest element of the input array within the specified range of indices.

Algorithm selectionSort(A,n);

begin
// the number of elements in A equals n > 0
last .= n;

while last > 1 do
m := indexofLargest(A, 1, last);
Alm), Allast] := Allast], A[m|; [/ swap
last .= last — 1;
od;
end

State a suitable loop invariant for the main loop and prove its correctness.
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Questionb

Selection sort

SIRAMES A FEEBPIEE—RE - EL A,

SR - AL B Aln] EPRARERE n S - B A
Al 914|187 |last=n

Al 714189 |last=n—1

B A1 B A0 — 1] BB EARENE 0 1 S50 - B A)
Alz 714|18|9 |last=n—2

S k AOBEHITENBEE - RIEE#HIT kK K& - last=n—k
%tr‘@E’JﬁM’\E'E%«HFF?‘ ENTE T TEELAEERBITR
K
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Questionb
1 |ast

A/

last + 1 n

¥ Allast+ 1] TS - BME—ELE 1 2l last FIEMTTERERE
X HE

indexofLargest(A', 1, last + 1) = last + 1

MR ERY = —1E iteration TS AEPFFRY A'llast + 2] - ERE—
TELE 1 3 fast+ 1 NNEMTTRRFA - THE

indexofLargest(A’, 1, last + 2) = last + 2
DULCHaE - BES#EEH —1RAR Al

V last+ 1 < i< n. indexofLargest(A’, 1,i) =i
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Question5

Inv(last, A, n) =
(1 <last<n) A (Vlast+1 < i< n. indexofLargest(A’,1,i) = i)

taE—EkES A BERE n - BEFIEET last = n
BEWNT 1 DE  BIANSRENE  EHELEREER/S—
EfEs) - BEM Al RN

Inv(n, A, n) — Inv(n— 1, A7, n)

MREENAZEZHR - AETZEZHW
B EMmZE " EECEHY ) NHEEARA—1E

Inv(n — k, A, n) — Inv(n — (k+ 1), A4, n)
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Questionb

Proof

Base case: k=0, last=n—0=n,
“Inv(n,A,n)=(1<n<n AN (¥Vn+1<i<

n. indexofLargest(A', 1,i) = i)" is automatically true.
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Questionb

Induction: n—1> k> 1, last = n— k,

From the inductive hypothesis of last = n — k+ 1, we get
“V'n—k+2 < i< n. indexofLargest(A’,1,i) = i" and on the k-th
iteration of the loop, we pick the largest element between A’[1] and
A'[n— k+ 1] to put in the n — k+ 1-th position.

So, with the new status of the array, say A”, we can say more about
A" than A: A”[n — k+ 1] is larger than any element on its left side.
That is, indexofLargest(A”,1,n— k+ 1) = n— k+ 1.

Therefore, V last + 1 < i < n. indexofLargest(A”, 1, i) = i is satisfied
with last=n— k. [l
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