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Probleml

(6.62) You are asked to design a schedule for a round-robin tennis tournament.
There are n = 2% (k > 1) players. Each player must play every other player, and
each player must paly one match per round for n — 1 rounds. Denote the players by
Py, Py, ..., P,. Output the schedule for each player. (Hint: use divide and conquer
in the following way. First, divide the players into two equal groups and let them
play within the groups for the first § — 1 rounds. Then, design the games between
the groups for the other § rounds.)
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Algorithm TOURNAMENT(n);

// The number of players n = 2 for some k > 1.

// O[r, ] = j indicates that in Round r (1 < r < n— 1) the opponent of P; is P;.
ROUND-ROBIN SCHEDULE(1,n,n — 1);

Algorithm ROUND-ROBIN SCHEDULE(L, R, r);
if R— L =1 then
O|L,H,O[R, 1] := R, L;
else
M:=(L+ R)/2;
ROUND-ROBIN SCHEDULE(L, M, r/2);
ROUND-ROBIN SCHEDULE(M + 1, R, r/2);

for round_num from r/2 + 1 to r do
for shift from 0 to (M — L) do
P1 := L + shift;
P2 := M+ 1+ [(round_num + shift)%(r/2 + 1)];
O[P1, round_num)| := P2;
O|P2, round_num] := P1;
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Problem?2

Consider the solutions to the union-find problem discussed in class. Suppose we
start with a collection of ten elements: A, B, C, D, E, F', G, H, I, and J.

(a) Assuming the balancing, but not path compression, technique is used, draw a
diagram showing the grouping of these ten elements after the following oper-
ations (in the order listed) are completed:

i. union(A,B)
ii. union(C,D)
D)
F)

(

(A,

(E,

(G.H)
vi. union(F,G)

(1

(

(D,

iii. union
iv. union
V. union
vil. union(L,J)
viii. union(H I)

In the case of combining two groups of the same size, please always point the
second group to the first.

ix. union

(b) Repeat the above, but with both balancing and path compression.
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Problem2(a)
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Problem2(b)

After the whole sequence of operations are performed:

E | nil
Mt
| |
F G / A
11
| |
H J B C
]
D
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Problem3

(6.21) The input is a set S with n real numbers. Design an O(n) time algorithm
to find a number that is not in the set. Prove that Q(n) is a lower bound on the
number of steps required to solve this problem.
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Problem 3
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Problem4

(6.32) Prove that the sum of the heights of all nodes in a complete binary tree with
n nodes is at most n — 1. (A complete binary tree with n nodes is one that can
be compactly represented by an array A of size n, where the root is stored in A[1]
and the left and the right children of A[i], 1 < i < [%], are stored respectively
in A[2i] and A[2¢ + 1]. Notice that, in Manber’s book a complete binary tree is
referred to as a balanced binary tree and a full binary tree as a complete binary
tree. Manber’s definitions seem to be less frequently used. Do not let the different
names confuse you. “Balanced binary tree” in the original problem description is
the same as “complete binary tree”)
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Problem 4

Prove by induction that the sum of the heights of all nodes in a
complete binary tree with n nodes is at most n — 1. You may assume
it is known that the sum of the heights of all nodes in a full binary
tree of height his 2"*! — h— 2. (Note: a single-node tree has height

0.)
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Problem 4

From the solution to the preceding problem, we see that a complete
binary tree is:

@ a single-node tree of height 0,
© a two-node tree of height 1 where the root has a left child,

© composed from a full binary tree of height h with n; nodes and a
complete (possibly full) binary tree of height h with n, nodes as
the left and the right subtrees of the root, resulting in a tree of
height h+ 1 with n,+ n,+ 1 nodes, or

@ composed from a complete (possibly full) binary tree of height h
with n; nodes and a full binary tree of height h — 1 with n, nodes
as the left and the right subtrees of the root, resulting also in a
tree of height h+ 1 with n; 4+ n, + 1 nodes.
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Problem 4

Let G(n) denote the sum of the heights of all nodes in a complete
binary tree with n nodes. For a full binary tree (as a special case of
complete binary trees) with n = 21 — 1 nodes where h is the height
of the tree, we already know that

G(n)=2Mt —(h+2)=n— (h+1) < n— 1. With this as a basis,
we prove that G(n) < n— 1 for the general case of arbitrary complete
binary trees by induction on the number n (> 1) of nodes.
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Problem 4

Base case (n =1 or n = 2): When n =1, the tree contains a single
node whose height is 0. So, G(n) =0<1—1=n—1. When n=2,
the tree has one additional node as the left child of the root. The
height of the root is 1, while that of its left child is 0. So,
Gn)=1<2—-1=n—-1

Inductive step (n > 2): If n happens to be equal to 21 — 1 for some
h > 1, i.e., the tree is full, then we are done; note that this in
particular covers the case of n = 3 = 2!*1 — 1. Otherwise, suppose
21 — 1 <n< 2?2 -1 (h>1),ie., the tree is a “proper”
complete binary tree with height h+ 1 > 2.
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Problem 4

There are two cases to consider:

Case 1: The left subtree is full of height h with n, nodes and the
right one is complete also of height h with n, nodes (such that

n;+ n,+ 1 = n). From the special case of full binary trees and the
induction hypothesis, G(n)) = 2"+ — (h+2) = n/— (h+ 1) and
G(n,) <n,—1. G(n) = G(n)+ G(n,) + (h+1) <
(m—(h+1)+(n—-1)+h+1)=(m+n+1)—2<n-1
Case 2: The left subtree is complete of height h with n; nodes and
the right one is full of height h— 1 with n, nodes. From the induction
hypothesis and the special case of full binary trees, G(n;) < n,—1
and G(n,) =2"—(h+1)=n,—h. G(n) = G(n)) + G(n,) + (h+1) <
(m—1)+m—-—h+h+1)=(m+n+1)—1=n-1.
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Problemb

Consider the next table as in the KMP algorithm for string B[1..9] = abaababaa.

112(131415|6]7|81]9
alblala|blalblala
—110(0|1(1|2]|3[2]|3

Suppose that, during an execution of the KMP algorithm, B[6] (which is an a) is
being compared with a letter in A, say A[i], which is not an a and so the matching
fails. The algorithm will next try to compare Blnext[6] + 1], i.e., B[3] which is also
an a, with A[:]. The matching is bound to fail for the same reason. This comparison
could have been avoided, as we know from B itself that B[6] equals B[3] and, if
BI6] does not match A[i], then B[3] certainly will not, either. B[5], B[8], and B[9]
all have the same problem, but B[7] does not.

Please adapt the computation of the next table so that such wasted comparisons
can be avoided.
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Problemb
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Problemb

E AR AR
function Apjust NEXT(B, m)
for i:=3 to mdo
J = next[il;
while j > 0 and B[] = B[j+ 1] do
J = next[j+ 1];
nextli] := j;

Homework 6

Algorithms 2020

17/23



Problemb

Before
1(2|3|4|5|6|7
alblala alblala

-110(0]1(1(2|3(2]|3

A - BB - BT Homework 6



Problemb

o]
lon
o]
o]
o
o]
o
o]
o]

A - BB - BT Homework 6



Problemb

After
1123|415

alblalalb
-1/0(0(110

(@)

71819
blala
31011
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MNRFBEAENEEE next BEEITHEITIE ?

next[7] BEXEIEA 1 ( next6] + 1) ABXERR B[7] = B2
1 next[7] :=0 !

JRZABY next[7] = 3 REWFN DM AR 1
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Problemb
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BE next[i] =0 15 - @E0JBEA B[] 22 B[1] HEINREE
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Problemb
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function Apjust NEXT(B, m)
for i:= 2 to mdo
J = next[il;
while j # —1 and B|i] = B[j + 1] do
J = next[j+ 1];
nextli] := j;
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Problemb

FE=(EhRA ( U ZERABEEGIENR )
function Apjust_NEXT(B, m)
for i:=2to mdo
if B[] = B[next[i] + 1] then
nextli] := next|next|i] + 1];
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