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Question 1
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Question 1

If A (original set) = ∅, then S = ∅ ⊆ A is still empty.

If A ̸= ∅, suppose S will become empty at the end.
Before the set become to the empty set, the last step is eliminating
the last element (called a) in S and c[a] = 0.

1 If f (a) = a, it is impossible because c[a] = 0.

2 If f (a) ̸= a, it is impossible because a is the only one element in
S .

Hence, we conclude that when A ̸= ∅, S will not become empty.
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Question 2

The logic of the algorithm:

1 Assume A is a sorted array with increasing order.

2 Let l , r be the indexes of the first and the last element in Array
A.

3 While l < r , do the check for each pair:
1 If A[l ] + A[r ] = x ,

return True.
2 else if A[l ] + A[r ] < x ,

increase l by 1.
3 else if A[l ] + A[r ] > x ,

decrease r by 1.

4 If there are no solutions, return False at the end of the algorithm.
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Question 2
The pseudocode are showed as followed:

1: Algorithm SmartTwoSum(A, x);
2: // Let n be the length of array A.
3: l := 0;
4: r := n − 1;
5: while l < r do
6: if A[l ] + A[r ] = x then
7: return True;
8: else if A[l ] + A[r ] < x then
9: l := l + 1;
10: else if A[l ] + A[r ] > x then
11: r := r − 1;

12: return False

Since in the worst case, we go through the whole array at most once.
The time complexity of this algorithm is O(n).
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Question 3

Use the table P obtained from the Knapsack algorithm,
where P(n,K ) denotes the solution to the problem instance with n as
the number of the items and K as the size of the knapsack.

For 0 ≤ i ≤ n and 0 ≤ k ≤ K ,

1. If P[i , k].exist is false, then there’s no solution.

2. If P[i , k].exist is true, check whether S [i ] is in the solution
(i.e., whether P[i , k].belong = true).

3. If so, put S [i ] into the solution and check for P[i − 1, k − S [i ]].

4. if not, check for P[i − 1, k].
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Question 3

1: Algorithm Knapsack Recover(S , k , P);
2: solution := [];
3: i := n ;
4: if P[i , k].exist = false then
5: return ”No such subset exists!”;

6: while k > 0 do
7: if P[i , k].belong = true then
8: solution.append(S [i ]);
9: k := k − S [i ];

10: i := i − 1;

11: return solution;
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Question 3

Recover(S, 11, P) = [6, 3, 2]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

k0 o - - - - - - - - - - - - - - - -

k1 = 2 o - I - - - - - - - - - - - - - -

k2 = 3 o - o I - I - - - - - - - - - - -

k3 = 5 o - o o - o - I I - I - - - - - -

k4 = 6 o - o o - o I o o I o I - I I - I
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Question 4
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Question4

The original version of the algorithm from class:

1: Algorithm Knapsack(S , K );
2: P[0, 0].exist := true;
3: for k := 1 to K do
4: P[0, k].exist := false;

5: for i := 1 to n do
6: for k := 0 to K do
7: P[i , k].exist := false;
8: if P[i − 1, k].exist then
9: P[i , k].exist := true;
10: P[i , k].belong := false;
11: else if k − S [i ] ≥ 0 then
12: if P[i − 1, k − S [i ]].exist then
13: P[i , k].exist := true;
14: P[i , k].belong := true;
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Question 4

1: Algorithm Knapsack Unlimited(S , K );
2: P[0, 0].exist := true;
3: P[0, 0].belong := 0;
4: for k := 1 to K do
5: P[0, k].exist := false;

6: for i := 1 to n do
7: for k := 0 to K do
8: P[i , k].exist := false;
9: if P[i − 1, k].exist then
10: P[i , k].exist := true;
11: P[i , k].belong := 0;
12: else if k − S [i ] ≥ 0 then
13: if P[i , k − S [i ]].exist then
14: P[i , k].exist := true;
15: P[i , k].belong := P[i , k − S [i ]].belong + 1;
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Question 5
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Question5

The following pseudo-code shows how recursive Hanoi works.

1: Algorithm RecursiveHanoi(n, s, t, a);
2: // s is source peg, t is target peg, and a is auxiliary peg.
3: if n = 1 then
4: print s + ” to ” + t;
5: return ;

6: RecursiveHanoi(n − 1, s, a, t);
7: RecursiveHanoi( 1 , s, t, a);
8: RecursiveHanoi(n − 1, a, t, s);
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Question 5
We can use a stack to represent the steps in a recursive version.
Due to the first-in-last-out (FILO) property of the stack, the
sequence of operators in the stack version should be reversed.

1: Algorithm Hanoi(n, s, t, a);
2: // s is source peg, t is target peg, and a is auxiliary peg.
3: stk := empty stack ;
4: stk .push(⟨n, s, t, a⟩);
5: while !stk.empty() do
6: p := stk .top();
7: stk .pop();
8: if p.h = 1 then
9: print p.s + ” to ” + p.t;
10: else if p.h > 1 then
11: stk .push(⟨ p.h-1, p.a, p.t, p.s ⟩); //RecursiveHanoi(n-1, a, t, s)
12: stk .push(⟨ 1 , p.s, p.t, p.a ⟩); //RecursiveHanoi(1, s, t, a)
13: stk .push(⟨ p.h-1, p.s, p.a, p.t ⟩); //RecursiveHanoi(n-1, s, a, t)
⟨h, s, t, a⟩ is a struct to represent the state of a Hanoi game, where h denotes the number

of pegs to move, s denotes source peg, t denotes target peg, and a denotes auxiliary peg.
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