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Question 1
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Question 1

f(n) = O(g(n)):
∃c ,N > 0 s.t. f(n) ≤ c · g(n) holds ∀n ≥ N.

f(n) = Ω(g(n)):
∃c ,N > 0 s.t. f(n) ≥ c · g(n) holds ∀n ≥ N.

f(n) = o(g(n)):
limn→∞

f(n)
g(n) = 0

⇒ if f(n) = o(g(n)), then f(n) = O(g(n)) and f(n) ̸= Ω(g(n)).

⇒ if g(n) = o(f(n)), then f(n) = Ω(g(n)) and f(n) ̸= O(g(n)).
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Question 1 (a)

f(n) = n
log n , g(n) = (log n)2:

lim
n→∞

g(n)
f(n) = lim

n→∞

(log n)3

n
L’H
= lim

n→∞

3(log n)2

n ln 10
L’H
= lim

n→∞

6 log n
n(ln 10)2

L’H
= lim

n→∞

6
n(ln 10)3

= 0
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Question 1 (a)

Since limn→∞
g(n)
f(n) = 0, g(n) = o(f(n)),

which implies f(n) = Ω(g(n)) and f(n) ̸= O(g(n)).
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Question 1 (b)

f(n) = n32n, g(n) = 3n:

lim
n→∞

f(n)
g(n) = lim

n→∞

n32n

3n = lim
n→∞

n3

(3
2)

n

{apply L’Hôpital’s rule 3 times}

= lim
n→∞

6
(ln 3

2)
3(3

2)
n

= 0
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Question 1 (b)

Since limn→∞
f(n)
g(n) = 0, f(n) = o(g(n)),

which implies f(n) = O(g(n)) and f(n) ̸= Ω(g(n)).
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Question 2
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Question 2
(big-o) f(n) = O(g(n)):
∃c,N > 0 s.t. f(n) ≤ c · g(n) holds ∀n ≥ N.

(1) log f(n) ?
= O(log g(n))

log f(n) ≤ log(c · g(n)) = log(c) + log g(n)

= log g(n) · (1 +
log(c)
log g(n))

≤ log g(n) · (1 +
log(c)
log g(N))

≤ log g(n) · c′,where c′ > 0.

s.t. log f(n) ≤ c′ · log g(n) holds ∀n ≥ N.
⇒ log f(n) = O(log g(n)).
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Question 2

(2) 2f(n) ?
= O(2g(n))

We can only get 2f(n) ≤ 2c·g(n) = (2g(n))c

and it doesn’t imply 2f(n) = O(2g(n)).
The hypothesis 2f(n) = O(2g(n)) can simply be rejected with
a counter example: f(n) = 2 log2(n), g(n) = log2(n).
f(n) = O(log(n)) = O(g(n))
2f(n) = 22 log2(n) = n2 = O(n2)

2g(n) = 2log2(n) = n = O(n)
O(n2) /∈ O(n)
⇒ 2f(n) ̸= O(2g(n))
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Question 3
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Question 3

Let Tn = T(n), G(z) = T1 + T2z + T3z2 + · · ·+ Tnzn−1 + · · · .

G(z) = T1 + T2z + T3z2 + · · ·+ Tn−1zn + · · ·
zG(z) = T1z + T2z2 + · · ·+ Tn−2zn + · · ·

2z2G(z) = 2T1z2 + · · ·+ 2Tn−3zn + · · ·
(1 − z − 2z2)G(z) = T1 + (T2 − T1)z − (T3 − T2 − 2T1)z2

= 1 + 2z + 0
= 1 + 2z

G(z) = 1 + 2z
1 − z − 2z2
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Question 3

G(z) = 1 + 2z
1 − z − 2z2

=
1 + 2z

(1 − 2z)(1 + z)

=
4
3

1 − 2z −
1
3

1 + z
= T1 + T2z + · · ·+ [

4
3(2

n−1)− 1
3(−1)n−1]zn + · · ·

T(n) = 4
3(2n−1)− 1

3(−1)n−1
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Question 4
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Question 4

We first observe that since T(n) = T(n/2) +
√

n when n ≥ 2, and for
some k ∈ N, we have

T(2) = T(1) +
√

2
· · ·

T(2k−1) = T(2k−2) +
√

2k−1

T(2k) = T(2k−1) +
√

2k

· · ·

, that is, when n = 2k,

T(n) = T(1) +
√

2 + · · ·+
√

2k−1 +
√

2k.
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Question 4

(Cont.)

T(n) = T(1) +
√

2 + · · ·+
√

2k−1 +
√

2k

= 1 +

√
2k

2k−1 + · · ·+
√

2k

21 +

√
2k

20

= 1 +

√
n

2k−1 + · · ·+
√

n
21 +

√
n
20

= 1 +
√

n · (1 +
1√
2
+ · · ·+ 1√

2k−1
)

≤ 1 +
√

n · (1 +
1√
2
+ · · ·+ 1√

2k−1
+ · · · ).
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Question 4

By the generating function:

1
1 − z = 1 + z + z2 + · · ·

, we have
T(n) ≤ 1 +

√
n · 1

1 − 1√
2
.

Note that the constant 1 and 1
1− 1√

2
are not relevant in asymptotic

notation, thus, the asymptotic behavior of T(n) is O(
√

n).
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Question 5
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Question 5

S(n) =
∑n

i=1⌈log2(
n
i )⌉ ≤

∑n
i=1(log2(

n
i ) + 1) =

∑n
i=1 log2(

n
i ) + n

Let f(x) = log2(
n

n−x+1) ⇒
∑n

x=1 f(x) ≤
∫ n+1

1 f(x) dx

Now, we calculate
∫ n+1

1 f(x) dx to assess our S(n):

∫ n+1

1
f(x) dx =

∫ n+1

1
log2(n)− log2(n − x + 1) dx

= n log2 n −
∫ n+1

1
log2(n − x + 1) dx

{Substitute n − x + 1 by u}

= n log2 n − 1
ln 2 [−(u) ln(u) + (u)]

∣∣∣0
n
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Question 5

∫ n+1

1
f(x) dx = n log2 n − 1

ln 2(n ln(n)− n)

= n log2 n − n log2 n +
n
ln 2

=
n
ln 2

Therefore,

S(n) ≤
n∑

i=1
log2(

n
i ) + n

≤ n
ln 2 + n

⇒ S(n) = O(n)
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