
Homework 6

Yu Hsiao Yu-Hsuan Wu

Yu Hsiao Yu-Hsuan Wu Homework 6 Algorithms 2024 1 / 26



Question 1
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Question 1

(P1,P2,P3,P4)

(P1,P2) (P3,P4)

Matches within groups
▶ Round-1: P1 vs. P2
▶ Round-1: P3 vs. P4

Matches between groups
▶ Round-2: P1 vs. P3
▶ Round-2: P2 vs. P4
▶ Round-3: P1 vs. P4
▶ Round-3: P2 vs. P3
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Question 1

(P1,P2,P3,P4,P5,P6,P7,P8)

(P1,P2,P3,P4)

(P1,P2) (P3,P4)

(P5,P6,P7,P8)

(P5,P6) (P7,P8)

You may observe that each subgroup with n players holds round n
2 to

round n − 1. Since n
2 − 1 rounds has been played in within groups

matches.
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Question 1

Round 4

P1

P2

P3

P4

P5

P6

P7

P8

Round 5

P1

P2

P3

P4

P6

P7

P8

P5
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Question 1

function Round-Robin Schedule(L, R, playerCnt)
if R − L = 1 then

print(Round 1 : L vs.R)
else

M := (L + R)/2
Round-Robin Schedule(L,M, playerCnt/2)
Round-Robin Schedule(M + 1,R, playerCnt/2)

end if
for r := playerCnt/2 to playerCnt − 1 do

shift := r%(playerCnt/2)
for i := 0 to M − L do

P1 := L + i
P2 := M + 1 + [(i + shift)%(playerCnt/2)]
print(Round r : P1 vs.P2)

end for
end for

end function
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Question 1

For simplicity:
function Round-Robin Schedule(L, R, playerCnt)

if R − L = 1 then
print(Round 1 : L vs.R)

else
M := (L + R)/2
Round-Robin Schedule(L,M, playerCnt/2)
Round-Robin Schedule(M + 1,R, playerCnt/2)

end if
for r := playerCnt/2 to playerCnt − 1 do

for i := 0 to M − L do
P1 := L + i
P2 := M + 1 + [(i + r)%(playerCnt/2)]
print(Round r : P1 vs.P2)

end for
end for

end function
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Question 2
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Question 2

Prove by induction that the sum of the heights of all nodes in a
complete binary tree with n nodes is at most n − 1.
You may assume it is known that the sum of the heights of all nodes
in a full binary tree of height h is 2h+1 − h − 2.
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Question 2

There are several patterns of complete binary tree:
1 a single-node tree of height 0.
2 a two-node tree of height 1 where the root has a left child.
3 composed from a full binary tree of height h and a complete

(possibly full) binary tree of height h as the left and the right
subtrees of the root, resulting in a tree of height h + 1.

4 composed from a complete (possibly full) binary tree of height h
and a full binary tree of height h − 1 as the left and the right
subtrees of the root, resulting also in a tree of height h + 1.
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Question 2

Let G(n) denote the sum of the heights of all nodes in a complete
binary tree with n nodes.
For a full binary tree (a special case of complete binary tree) of
height h, we already know that:

n = 2h+1 − 1
G(n) = 2h+1 − (h + 2)

= n − (h + 1) ≤ n − 1

With this as a basis, we prove that G(n) ≤ n − 1 for the general case
of arbitrary complete binary trees by induction on the number n of
nodes.
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Question 2

Base case (n = 1 or n = 2):
When n = 1, G(n) = 0 ≤ 1 − 1 = n − 1.
When n = 2, G(n) = 1 ≤ 2 − 1 = n − 1.
Inductive step (n > 2):
If n happens to be equal to 2h+1 − 1 for some h ≥ 1, the tree is a full
binary tree, then we are done.
Otherwise, suppose 2h+1 − 1 < n < 2h+2 − 1 (h ≥ 1), the tree is a
“proper” complete binary tree with height h + 1 ≥ 2, There are two
cases to consider:
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Question 2

Case 1:
The left subtree is full of height h with nl nodes, and the right one is
complete also of height h with nr nodes (such that nl + nr + 1 = n).
From the special case of full binary tree and the induction hypothesis:
G(nl) = 2h+1 − (h + 2) = nl − (h + 1)
G(nr) ≤ nr − 1,

we have

G(n) = G(nl) + G(nr) + (h + 1)
≤ (nl − (h + 1)) + (nr − 1) + (h + 1)
= (nl + nr + 1)− 2
≤ n − 1.
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Question 2

Case 2:
The left subtree is complete of height h with nl nodes and the right
one is full of height h − 1 with nr nodes.
From the induction hypothesis and the special case of full binary
trees:

G(nl) ≤ nl − 1
G(nr) = 2h − (h + 1) = nr − h,

we have

G(n) = G(nl) + G(nr) + (h + 1)
≤ (nl − 1) + (nr − h) + (h + 1)
= (nl + nr + 1)− 1
≤ n − 1.
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Question 3
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Question 3

First, we must prove that “There must exist a nonempty subset
R ⊆ S such that

∑
xi∈R

xi ≡ 0 (mod n).” is true.

Let Si be the subset sum of x1 + · · ·+ xi for 1 ≤ i ≤ n. We have

S1 = x1

S2 = x1 + x2
...

Sk = x1 + x2 + · · ·+ xk
...

Sn = x1 + x2 + · · ·+ xk + · · ·+ xn.
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Question 3

Case 1: There exists some k such that Sk ≡ 0 (mod n).
If there exists some k with 1 ≤ k ≤ n such that Sk ≡ 0 (mod n),
then we are done.

Case 2: There does not exist any k such that Sk ≡ 0 (mod n).
In this case, we know that there must exist two subset sums Si, Sj
with 1 ≤ i < j ≤ n having the same remainder when divided by n
since there should be at most n remainders for n sums, but at most
n − 1 distinct remainders appear (excluding the zero remainder).
Recall that Si = x1 + · · ·+ xi and Sj = x1 + · · ·+ xj. By subtracting
Sj with Si, we have Sj−i = xi+1 + · · ·+ xj, where Sj−i ≡ 0 (mod n).

In conclusion, a nonempty subset must exist.
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Question 3
function FindSubset(S, n)

Sum := 0
for i := 1 to n − 1 do

R[i] := 0
end for
for k := 1 to n do

Sum := Sum + xk
Remainder := Sum%n
if Remainder = 0 then

Return {x1, · · · , xk}
end if
if R[Remainder] ̸= 0 then

i := R[Remainder] + 1
Return {xi, · · · , xk}

else
R[Remainder] := k

end if
end for

end function

Notice that R[i] = k means the
subset sum Sk has remainder i
when divided by n.

The time complexity is O(n).
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Question 4
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Question 4

93

37

15

7

3
C

4
F

8
D

22

10
B

12
G

56

24
A

32
E

Character Frequency Code
A 24 10
B 10 010
C 3 0000
D 8 001
E 32 11
F 4 0001
G 12 011
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Question 5
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Question 5

The original next table of string B:

1 2 3 4 5 6 7 8 9
a b a a b a b a a
-1 0 0 1 1 2 3 2 3

next[9] represents: if comparison between A[i] and B[9] fails, we are
going to compare A[i] with B[next[9] + 1](B[4]) next.

However, B[9] and B[4] has the same string so the comparison is
doomed to fail. To avoid wasted comparisons, we can directly
compare A[i] with B[next[4] + 1](B[2]) if we fail matching A[i] with
B[9].
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Question 5

function Compute_Next(B,m)
next[1] := −1; next[2] := 0;
for i := 3 to m do

j := next[i − 1] + 1;
while B[i − 1] ̸= B[j ] and j > 0 do

j := next[j ] + 1;
end while
next[i ] := j ;

end for
end function
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Question 5
function Compute_Next_Adapted(B,m)

next[1] := −1; next[2] := 0;
for i := 3 to m do

j := next[i − 1] + 1;
while B[i − 1] ̸= B[j ] and j > 0 do

j := next[j ] + 1;
end while
next[i ] := j ;

end for
// Add the following lines for optimization but less efficient.
for i := m down to 2 do

j := next[i ] + 1;
while B[i] = B[j] and j > 0 do

j := next[j] + 1;
end while
next[i ] := j − 1 ;

end for
end function
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Question 5

function Compute_Next_Adapted(B,m)
next[1] := −1; next[2] := 0;
for i := 3 to m do

j := next[i − 1] + 1;
while B[i − 1] ̸= B[j ] and j > 0 do

j := next[j ] + 1;
end while
next[i ] := j ;

end for
// Add the following lines for optimization.
for i := 2 to m do

j := next[i ] + 1;
if B[i] = B[j] and j > 0 then

next[i] := next[j];
end if

end for
end function
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Question 5

For string B[1..9] = abbaabbaa, the original next table:

1 2 3 4 5 6 7 8 9
a b a a b a b a a
-1 0 0 1 1 2 3 2 3

New next table:
1 2 3 4 5 6 7 8 9
a b a a b a b a a
-1 0 -1 1 0 -1 3 -1 1
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