Software Specification and Verification [Compiled on December 23, 2009]  Fall 2009

Suggested Solutions for Homework Assignment #2

We assume the binding powers of the logical connectives and the entailment symbol decrease
in this order: =, {V, 3}, {A, V}, —, <, .

1. Prove, using Gentzen’s System LK, the validity of the following sequents:

(a) Vz(P(z) — Q(z)) F VzP(x) — VYzQ(x) (10 points)
(b) F JzVyP(z,y) — Vy3zP(x,y) (10 points)
(¢) FzA(x) — B+ Vx(A(x) — B), assuming x does not occur free in B. (10 points)

Solution.

(a) Assume w does not occur free both in P(z) and in Q(x).

Axiom Axiom

P(w) b P(w) Qw), P(w) F Q(w)
( )[w/2] = Q(x)[w/x], P(x)[w/2] - Q(w)
Va(P(z) — Q()),VaP(z) - Qz)[w/]
Vx(P(x) Q(z)),VzP(x) - VaQ(x)
Vz(P(z) — Q(2)) - VaP(z) — VzQ(z)

(b) Assume both w and z do not occur free in P(z,y).

V:L

—: R

Azxiom

P(z,y)[w/yl{= P(z,w)} F P(z,w)
VyP(z,y) F P(z,w)[z/x]
(VyP(z,y))|z/z] F JxP(x,w)
JavVyP(xz,y) - GaP(z,y))[w/y]
JxVyP(z,y) - YyIzP(x,y)

F JaVyP(z,y) — YyIzP(z,y)

V:L
d: R

V:R
—: R

(c) Assume w does not occur free both in A(x) and in B.

At Aw) T
A(w) F IzA(z) A(w),B+ B
JxA(x) — B, A(w) - B
JzA(z) - B+ A(w) — B

dxA(z) — B+ Vz(A(z) — B) i
O]
2. Prove, using Natural Deduction, the validity of the following sequents:
(a) Vz(P(z) — Q(z)) F VaP(x) — VzQ(x) (10 points)
(b) F JxVyP(x,y) — VyIzP(x,y) (10 points)



(¢) Vx(A(z) — B) F 3z A(z) — B, assuming x does not occur free in B. (10 points)
Solution.

(a) Assume w does not occur free both in P(z) and in Q(x).

Hyp

Vz(P(z) — Q(z)),VeP(x) - VYxP(x)

o Va(P(z) — Q(x)),VaP(z) b P(w)
Va(P(x) — Q(x)),VaP(z) F Q(w)
Ve(P(r) = Q) VaPla) FVaQ()

Va(P(z) — Q(z)) - VaP(z) — VaQ(z)

VI

Va(P(z) — Q(x)), Ve P(x) F Va(P(z) — Q(x))
Va(P(z) — Q(x)), Ve P(z) F P(w) — Q(w)

(b) Assume both w and z do not occur free in P(z,y).

Hyp

JaVyP(z,y), VyP(z,y) - VyP(z,y)
o Yy P(z,y),VyP(z,y) F P(z,w) o
JxVyP(z,y) F JaVyP(x,y) JaxVyP(z,y),VyP(z,y) - JzP(z,w)
JaxVyP(z,y) F JzP(x,w) o
JxVyP(z,y) - YyIzP(x,y) N
F JaVyP(x,y) — Vy3zP(x,y)

(c) Assume w does not occur free both in A(z) and in B.

Ve(A(z) = B), A F 3ed@) "«

Vz(A(x) — B),3zA(x) - B
Vz(A(x) — B) - JzA(x) — B

JE

— I

Vz(A(z) — B),3zA(z), A(w) F Vo (A(z) — B) 5Eyp

Vz(A(x) — B),3zA(x), A(w) F A(w) — B g
Va(A(z) — B),dxA(x), A(w) - B

— F

Hyp

Vz(A(x) — B),3zA(x), A(w) F A(w)
O
3. Prove, using Natural Deduction for the first-order logic with equality (=), that = is an

equivalence relation between terms, i.e., the following are valid sequents, in addition to

the obvious “+ ¢ =t” (Reflexivity), which follows from the =-Introduction rule.

(a) ta =t1 Ft1 = t2 (Symmetry) (10 points)
(b) t1 = ta,te = tg F t; = t3 (Transitivity) (10 points)
Solution.



Hyp =
to=t1 Htya =11 to=t1 Fty =19
to =t1Ht1 =ty B
(b)
H H
th=toly=tlatta=1t3 = ti=tyla=1lstti=ty

t) =tg,ta =t3t; =13
O

4. Taking the preceding valid sequents as axioms, prove using Natural Deduction the follow-

ing derived rules for equality.

TFity=t
a —————— (= Symmelr 10 points
@ T, 5% y) (10 points)
'kt =t I'Hty=t
(b) L 2758 (= Transitivity) (10 points)
Tkt = ts
Solution.
(a)
Axi S’
[ — ziom(Symmetry)
Dhty=t; >t =ty Phta=t
Tt =ty -
(b)
(6 'k tl = t2 E
TFty—t3 >t = t3 Thiy=ty
't =t3
o
Azxiom(Transitivity)
Ity =tg,to =131 =13
Doty =tobty=1t3 —t; =tz .

F|—t1=t2—>(t2=t3—>t1:t3)



