Software Specification and Verification [Compiled on December 23, 2009]  Fall 2009

Suggested Solutions for Homework Assignment #3

We assume the binding powers of the logical connectives and the entailment symbol decrease
in this order: =, {V, 3}, {A, V}, —, <, .

1. A first-order theory for groups contains the following three axioms:

o VavbVce(a- (b-c) = (a-b)-c). (Associativity)

e Va((a-e=a) A (e-a=a)). (Identity)

e Va((a-a ' =e)A(a!-a=e)). (Inverse)
Here - is the binary operation, e is a constant, called the identity, and (-)~! is the inverse
function which gives the inverse of an element. Let M denote the set of the three ax-

ioms. Prove, using Natural Deduction plus the derived rules in HW#2, the validity of the

following sequents:

(a) M FVavb¥e((a-b=a-c) — b= c). (Hint: a typical proof in algebra books is the
following: b=e¢-b=(a"'-a)-b=a"'-(a-b)=a"'-(a-¢)=(a"'-a)-c=e-c=c)
(20 points)

(b) M FVYavbtVe(((a-b=e)A(b-a=e)A(a-c=¢e)A(c-a=¢e)) — b= c), which says

that every element has a unique inverse. (Hint: a typical proof in algebra books is

the following: b=b-e=b-(a-¢c)=(b-a)-c=e-c=c.) (20 points)
Solution.
(a)
o 0

Mz y=z-2zFy=z

— 1

MbE(x-y=x-2)—y==z
MEVe((z-y=x-¢) = y=c)
MEYYe((x-b=x-¢c) —b=c)

M EVYa¥bVe((a-b=a-c) = b=c)
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VI

vI

a:

M,z -y=x-zFYav¥bVe(a- (b-c) = (a-b)-c) Hyp

Mz y=a 2k Y0e(a (b )= (@ 1 -b)-c)

e
Mz-y=x-zF@t-z2)y=y Mz y=z-zFat-(z-y)= ("t 2)y

Myz-y=xz-zFa ' (z-y)=y



Hyp
M,z-y=x-zFVa(a-a~ ! =eNa ! a=e)
Mz y=z-zFz-zt=enz b z=e¢ A;E
Mz y=z-zFaz . z=e ’
= Symmetry
Mz y=z-zFe=z"1z
v
Hyp
M,x-y=z-zFVa(la-e=aANe-a=a)
Mx-y=z-zFy-e=yhe-y=y /\EZE
Mz -y=xz-zke-y=y
d:
Mz y=xz-zbtz-y=zx-2 Hyp the proof tree is similar to «
= Symmetry
Mz -y=z-zbtxz-z=x2-9 Mz -y=x-zFal (z-2)==z
Mz y=x-zFz ' (z-y)=2 -F
(b) Weuse N todenote z-y=eAy-zx=eAx-z=eAz-x=e.
Mo (5
M,Nx-y=zx-zFy=z L « 16} _
MNrz-y=xz-z—>y==z MNrz-y=x-z B
M NFy=z L
ME(x-y=eANy-z=eANz-z=eNz-x=¢€)>y=2
MEVe((z-y=eAy-z=eANx-c=elc-xz=¢)—y=c) "
MEVYWYe((x-b=eANb-z=eANx-c=eNc-x=¢€)—>b=c) vi]
M FVYa¥bVe((a-b=eANb-a=eNa-c=eAc-a=e)—b=c)
a:
M NFz-y=eNy-x=eAx-z=eNz-x=c¢ fop
M,NFQU-Z:e/\z-ac:eAE1 N2
M NFzxz-z=c¢€ _ Symmetry
M, NFe=x-2
0
M NFz-y=eANy-x=eAx-z=eNz-x=c¢ fop
MNFzxz-y=e M
O

2. Prove that the following annotated program segments are correct:

(a) {true}
if r <y thenz,y:=y,zfi

{z >y}

(10 points)



(b) {g=0Ap=nAn>1}
while p > 2 do

gp=9g+1,p—1
od

{9=n—-1}
(20 points)
(c) For this program, prove its total correctness.
{y>0A(z=m (mod y))}
while z > y do
rTi=x—y
od
{(x=m (mody)) Az <y}
(30 points)
Solution.

(a)

pred. calculus + algebra

Assign
trueNe <y —y>uw {yzztzy=y,c{z>y} sp pred. calculus + algebra
{truenz<y}tz,y=yz{z>y} true N=(z <y) -z >y
- If-Then
{true }if xr <ythenz,y:=y,zfi{z>y}
(b)
pred. calculus + algebra pred. calculus + algebra
g=0Ap=nAn=1—-p>0Ap+g=n o p>0Ap+g=nA—-(p>2)—g=n-—1
- Consequence
{g=0Ap=nAn=1}whilep>2dog,p:=g9g—1,p+lod{g=n—-1}
:
Assign
B {p+t1>0n(p+D+(g-Y=n}gp:=g-lp+t1{p>0Aptg=n}
{p>0Ap+g=nAp>2}gp=g—Lp+1{p>0Ap+tg=n} il
wnille

{p>0Ap+g=n}whilep>2dog,p:=g—1,p+lod{p>0Ap+g=nA-(p>2)}
G

pred. calculus + algebra
p>0Ap+g=nAp>2—-p+1>0A(p+1)+(g—1)=n

pred. calculus + algebra
a y>0A(z=m (mody)A-(x>y)—(z=m (mody))Az<y
{y>0A(z=m (mody)) }whilez>ydoz:=z—yod{(z=m (mody)Az<y}
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pred. calculus + algebra
Jé] y y>0A(z=m (mody)Azx>y—xz>0
{y>0A(x=m (mody))}
while x > ydoz: =z —y od
{y>0An(@=m (mody)A~(x>y)}

while: simply total



Assign
pred. calculus + algebra {y>0A((z—y)=m (mody))}
y>0A(z=m (mody))Az>y— Ti=x—y
y>0A((z—y)=m (mody)) {y>0A(z=m (mody)) } op

{y>0AN(z=m (mody)Az>yltz:=xz—y{y>0A(z=m (mody))}

pred. calculus + algebra

Assign
y>0A(z=m (mody)Ax>yAe=2Z—oz—y<Z {z—y<Z}lz=z-—y{z<Z}

SP
{y>0A(z=m mody)ANzx>yAae=Z}z=z—-y{z<Z}

O



