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Natural Deduction in the Sequent Form

H
RAFA( up)
T'-AAB
(/\El)
A FFB(AU '-A
T'-AAB
T'-AAB
(/\Eg)
TR
T A
(\/[1)
I'rAvE 'AvB T,ArC T,BFC
T+ C (VE)
T+ B
(\/]2)
T'-AV DB

Note: I: Introduction; E: Elimination.
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Natural Deduction (cont.)

I'AF B '-A—B TFA

> [ )
Fl—A—>B( ) '+ B ( )
IAFBA-B A T'F-A
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Intuitionistic Natural Deduction
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Intuitionistic Natural Deduction (cont.)

7 (D)
IAFEB \ '-A—-B TFA,
rra=p D I B (=)
Il
-4 P

Note:

The last rule says that, if we can deduce L

(representing a contradiction), then we can deduce
anything.

IS then represented (i.e., defined) as

With the —-elimination rule, one can deduce a
contradiction (and hence anything) from —-A and A.
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Quantifier Rules

I+ Bly/z] [+ V2B
rrven () OF Ble/a] P
'+ Blt/x] I'-dzB I',Bly/z|FC
TF 3.5 D T C (3E)

Note: In the quantifier rules above, we assume that all
substitutions are admissible and y does not occur free in T’
or A.

Pty
1y -\"”‘:. .
- NN
A
1 |
=

N NTU Software Specification and Verification, Fall 2009: Natural Deduction in Coq — 7/34



Equality Rules

Let ¢, 1, t2 be arbitrary terms and again assume all
substitutions are admissible.

_[) F|—t1:t2 Fl—A[tl/iE]

Fl—t:t(_ F|—A[t2/a?] (:E)

Note: The = sign is part of the object language, not a meta
symbol.
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Intuitionistic ND with Proof Terms

ajl:Ala'”axi:A%"'yxn:An'_Q?Z’ZAZ' (Hyp)

I'HFt: AANB
E
[+ fst(t): A (NE1)

I'Ft;1: A I'Fty: B
[' - pair(t1,t2) : AN B

(AT)
I'Ft:AANB
['+snd(?) : B (AE2)
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Intuitionistic ND with Proof Terms (cont.)

I'Ht: A
I
[+inl(B,t): AV B (V1)

I'-t: B
['+inr(A,t): AV B (VI2)

I'-t: AV B I'e: ARt :C I'y: BkFty:C
['t case(t,z.t1,y.ta) : C

(VE)

Note: case(inl(B,t),z.t1,y.t2) 2 t1[t/x];
case(inr(A,t),x.t1,y.t2) 2 4, t/y].
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Intuitionistic ND with Proof Terms (cont.)

I'Funit: T (T1)

I'N'e:AFt: B (1)
I'Ffun(z:A)=t:A—-B

I'Ht1: A— B ['Hity: A
I'Ft1t0: B

(= E)

Note: In the (— I) rule above, it is assumed that B does not
contain x (so B Is independent of A).

I'H¢: 1
1FE
[+ abort(A,t): A (LE)
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An Example Proof

2
r:(AVB)—=C,y:AFy: A (Hyp ()\/I)
r:(AVB)—-C,y:AFmnl(B.y): AVB

1
r:(AVB)—-C,y:AF2:(AVB)—C (Hyp®) o (— E)
H
r:(AVB)—=Ciy:AFacml(B y) :C (1)
H
r:(AVB)—->CFfun(y: A) =2 ml(B.y) :A—C

Ffun(z: (AVEB)—C)=ftun(y: A)=rmnl(B,y): (AVvB)—C)— (A—CO) (=
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Intuitionistic ND with Proof Terms (cont.)

I'y: AFt: Bly/x]
['Ffun(z: A)=1t:Vx: A B

(V1)

I'Ft;:Voe: A B ['Hty: A
't tgiB[tg/x]

(VE)

Fl—tliA Fl—tQZB[tl/ZC]
[' - pair(t,t9) : dx : A, B

(37)

't :dx: A B T y:Az:By/z|-t:C
I'Fopen(t, y.z.t): C

(3E)

Note: All substitutions are admissible and y does not occur
free in T or A; open(pair(t1,t2), y.2.t) 2 t[t2/2][t1 /).
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Curry-Howard Correspondence

Logic Programming (Typed X-Calculus)
oroof program (\ term)

oroposition type

oroof checking | type checking

i
v .\m”..
- NN
A
1 |
=

IM 5% NTU Software Specification and Verification, Fall 2009: Natural Deduction in Coq — 14/34



yping/Inference Rules in Coq/pCIC

A type Is expressed as a term.

Every term has a type.

The type of a type is called a sort.

Sorts in predicative Calculus of Inductive Constructions
(pCIC, the type theory behind Coq):

S = {Prop, Set, Type(0), Type(1), Type(2), - - -}
Prop : Type(¢), for every i.
Set : Type(i), for every i.
Type(i) : Type(y), for i < j.
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yping/Inference Rules in Coq (cont.)

Prod(S, Prop, Prop)

ETFHA:s ET:(a:A)F B:Prop
ET'FVa: A, B: Prop

where s € S.

Prod({Prop, Set}, Set, Set) /* Set IS predicative in pCIC. */

ET'FA:s E.I':(a: A)F B : Set
E.I'FVa: A B : Set
where s € {Prop, Set }.

Prod(Type, Type, Type)
E.T'F A : Type(7) E.T:(a:A)F B:Type(j)
E.I'FVa: A B: Type(k)
Aphere : < k and j < k.
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yping/Inference Rules in Coq (cont.)

ETHFA—B:s ETlT:(v:A)kFe:B
El'rFfunv:A=e:A— B

Lam

Note: B does not depend on wv.

A FTkFe:A— B El'Fey: A
bp F|—€162:B

ETFYv:AB:s ET:(w:A)Ft:B
El'tfunv:A=t:Vv: A B

Note: “A — B” Is just a shorthand for “vv : A, B”, when B
does not depend on .

Lam

ETFt:YVv:AB ETFty: A
Fl—tl t2 . B[tg/v]

App
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he Example Proof in Cog

The proposition to prove: (Av B) = C) — (A — C).
Formalization in Coq:

Variables A B C Prop.
Lemma tO0: ((A\/ B) ->0C ->(A->0.

A proof in Coq:
Intro x; intro y;, apply x; left; assunption.
The proof term in Coq:

fun (x : A\/ B->0O (y : A =>x (or_introl BYy)
(A\/ B->C ->A->C

cf.. fun(z: (AVvB) - C)=fun(y: A) = z inl(B,y)
' ((AVB)—-(C)—(A—C)
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A-Introduction in Coq

Definitions for A:

| nductive and (A : Prop) (B : Prop) : Prop :=
conj : A->B->A/\ B

Note: “A /\ B”Is a convenient notation for “and A B’

Proposition to prove:

Lemma and intro: A->B->(A/\ B).

A proof in Coq:

Intro t1;, intro t2; split; assunption; assunption.

The proof term in Coq:

and intro = fun (t1 : A (t2 : B) =>conj tl1 t2
A->B->A/\ B

(%)
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A-Elimination in Coq

Definitions for A:

and_ind =
fun AB P : Prop => and rect (A =A) (B:=B) (P:=P)
forall ABP: Prop, (A->B->P) ->A/\ B->P

Proposition to prove:

Lenrma and elim (A/\ B) -> A

A proof in Coq:

Iintrot; elimt; intro x; intro y; assunption.

The proof term in Coq;:

funt : AJ/\ B=>and ind (fun (x : A (_: B => x) t
A/\ B->A
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V-Introduction in Coq

Definitions for v:

| nductive or (A: Prop) (B : Prop) : Prop :=
or introl : A->A\/ B| or_intror : B->A\/ B

Note: “A \/ B"Is a convenient notation for “or A B’.
Proposition to prove:

Lemma or _intro:. A-> (A \/ B).

A proof in Coq:

intro x; left; assunption.

The proof term in Coq;:

or intro =fun x : A=>or_introl B X
A->A\/ B
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V-Elimination in Coq

Definitions for v:

or _ind =
fun (ABP: Prop) (f : A->P) (fO: B->P)
(o: A\/ B) =>
match o wth
| or _introl x =>f x
| or intror x => f0 X
end
forall ABP: Prop, (A->P) ->(B->P)
-> A\/ B->P
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V-Elimination in Coq (cont.)

T
FPan + Neg
S Ny
F e )
Fs AR
g 3 |
£ )
8% ~4
Wl &7 4
N P
g
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Proposition to prove:
Lenrma or elim (A->C ->(B->0C ->((A/B -> 0.
A proof in Coq:

Intro xtl; intro xt2; introt: elimt;
assunpti on; assunpti on.

The proof term in Coq:

fun (xt1 : A->C (xt2: B->0C (t : A\/ B)
=> or _ind xtl xt2 t
(A->0C ->(B->0C ->A\/ B->C
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T -Introduction in CoqQ

Definitions for T:

| nductive True . Prop := | : True
True 1 nd =
fun P : Prop => True rect (P:.=P)

forall P : Prop, P -> True -> P

Proposition to prove:

Lemma True intro: True.
A proof in Coq:

exact |.

The proof term in Coq:

True_intro = |
True
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L -Elimination in Cog

Definitions for 1:

nductive False : Prop := /* nothing */
~False ind = fun P : Prop => False rect P
forall P : Prop, False -> P

Proposition to prove:

Lenmma False elim False -> A
A proof in Coq:

Intro bot; elimbot.

The proof term in Coq:

False elim= fun bot : False => False ind A bot
False -> A
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V-Introduction and Elimination in Coq

v is a primitive in Coq (pCIC)
Proposition to prove:

Variable D:. Set.
Variables P Q@ D -> Prop.

Section All.

Hypot hesis h: (forall x, P X).
Lenrma all _intro: (forall y, Py).
End All.

A proof in Coq:

Intro; apply h.

The proof term in Coq;:

all _intro =funy : D=>hy
%) . forall vy : D Py

WN(E
IM Nt/ NTU Software Specification and Verification, Fall 2009: Natural Deduction in Coq — 26/34



V-Elimination in Coqg

v is a primitive in Coq (pCIC)
Proposition to prove:

Section All _ElIm

Hypot hesis h: (forall x, P X).
Variable t: D.

Lemma all elim P t.

End All _ElIm

A proof in Coq:
apply h.
The proof term in Coq;:

all _elim=nh't
Pt
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3-Introduction in Coqg

Definitions for 4:

| nductive ex (A : Type) (P: A->Prop) : Prop :=
ex_intro : forall x : AL Px ->ex P

Notation ""exists’ x , p" := (ex (fun x => p))

(at |level 200, x ident, right associativity)
t ype _scope.

Proposition to prove:

Variable t: D.
Lemma exists intro: Pt -> exists x, P X.
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3-Introduction in Coqg (cont.)

A proof in Coq:
Intro; exists t; assunption.
The proof term in Coq:

exists intro =
fun H: Pt =>ex_intro (fun x : D=>P x) t H
Pt ->exists x : D P X
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3-Elimination in Coq

Definitions for 4:

ex_ind =
fun (A : Type) (P: A -> Prop) (PO : Prop)
(f : forall x : A P x -> P0)
(e : ex PP = match e wth
| ex_intro x x0 =>f x xO
end
forall (A : Type) (P: A-> Prop) (PO : Prop),
(forall x : A Px ->P0) ->ex P-> PO

Proposition to prove:

Lemma exist elim (exists x, Px /\ Q x)
-> (exists x, P X).

)
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3-Elimination in Coq (cont.)

A proof in Coq:

Intro; elimH I1ntro; intro; elimHO;
Intro; Iintro; exists Xx; assunption.

The proof term in Coq;:

exists elim=
fun H: exists x : D, Px /\ Qx =>
ex_ind
(fun (x : D (HO: Px /\ Qx) =>
and_ind (fun (HL : P x) (_: QXx) =>
ex _intro (fun x0 : D=> P x0) x Hl) HO) H
(exists x : Db Px /\ QXx) ->exists x : D P X
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=-Introduction in Coq

Definitions for =:

| nductive eq (A: Type) (x : A : A->Prop :=
refl] _equal : x = x

Note: “x = x”Is a convenient notation for “eq x x”.
Proposition to prove:

Lenma eqg intro: tl=t1l.

A proof in Coq:

reflexivity.

The proof term in Coq:

eg intro = refl _equal t1l
tl =t1
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=-Elimination in Coq

Definitions for =:

eg ind =
fun (A : Type) (x : A (P : A-> Prop)
=> eq_rect x P
forall (A : Type) (x : A (P : A-> Prop),
Px ->forall v : A xX =y ->Py

Proposition to prove:
Lenma eqg elim tl1=t2 -> t2=t1.
A proof in Coq:

intro; rewite <- H reflexivity.
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=-Elimination in Coq (cont.)

The proof term in Coq;:

eg elim=
fun H: t1 =t2 == eqg.ind tl (fund: D=>d =11)
(refl _equal t1) t2 H
tl =t2 ->t2 =t1
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