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Natural Deduction in the Sequent Form

— (H
rara ()
[-AAB
——— (A\E)
rEA TEB ) r=A
r-AnB r-AAB
—— (N\E)
-8
r-A
————(Vh)
r-AvB r-AvB T,AFC T,BFC
(VE)
r-B N cC
——— 5 (Vh)
r-AvB

Note: “I', A" is a shorthand for “I' U {A}", I for Introduction, and E

for Elimination.
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Natural Deduction (cont.)

A-B rFA—-B THA
— (=) (= E)
FA—B re=B
NAFBAN-B rN-A TF-A
—|/) (_'E)
M- -A reB
[FA M- --A
(=) —  (77E)

- M- A
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Intuitionistic Natural Deduction

AL A ATA (HP)

[-AAB (/\El)

[FA TEB () reA
FEAnG [EAAB (\F)
-8 ?
r-A
A (vh)
Fr-AvE (FAVB  TAFC TBEC (p
-8 r=c
B (vh)
r-AVB
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Intuitionistic Natural Deduction (cont.)

re ()
rAFB [FASB  THA
= E
rrass D r-B (= E)

Mr=A
Note:

The last rule says that, if we can deduce L (representing a
contradiction), then we can deduce anything.

—A is then represented (i.e., defined) as A — L.

With the —-elimination rule, one can deduce a contradiction
(and hence anything) from —A and A.
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Quantifier Rules

- Bly/x] _TEVYxB

e ) e/ )
[+ B[t/x] r-3xB TI,Bly/x]FC
Trae ) T C (56)

Note: in the rules above, we assume that all substitutions are
admissible. In Rule ¥/, y does not occur free in ' or B, and in Rule
JE, y does not occur free in I, B, or C.
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Equality Rules

Let t, t1, t, be arbitrary terms and again assume all substitutions are
admissible.

Note: The = sign is part of the object language, not a meta symbol.
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Intuitionistic ND with Proof Terms

Xl:Alu"'7Xi:Ai7"'7Xn:An|_Xi:A,' (Hyp)

|_|_tZA/\B (/\El)

(Fo:A TE6:iB M fst(e) - A
[+ snd(t) : B ?
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Intuitionistic ND with Proof Terms (cont.)

[Ft:A
I
FFMK&&:AVB(VO

[Ft:B
/
FFMdAﬂ:AvB(V”

-t:AvEB x:AFt:C MNy:BFt:C
[ case(t, x.t1,y.t) : C

(VE)

Note: case(inl(B,t'), x.ty, y.t) £ ti[t'/x];
case(inr(A, t'), x.ty, y.to) 2 t[t'/y].
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Intuitionistic ND with Proof Terms (cont.)

~unit: T (T7)

x:AFt:B

/
T funx A st AsE D

FH:A=B ThHt:A
F4t B (—E)

Note: In the (— /) rule above, it is assumed that B does not contain
x (so B does not depend on x).

FHt: L
1E
[+ abort(A,t) : A (LE)
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An Example Proof

x:(AVB) = C,y :AFx:(AVB)— C (Hyp')
x:(AVB)—= C,y: Ak xinl(B,y): C (~E)
x:(AVB) = Ckfun(y : A) = xinl(B,y) : A— C (=0
Ffun(x: (AV B) = C) = fun(y : A) = x inl(B,y) : ((AVB) = C) = (A— C)

(=1

(Hyp?)

:(AV B C,y:Aby:A
x: ( ) Cy y i)

x:(AVB)—= C,y:Atinl(B,y): AVB
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Intuitionistic ND with Proof Terms (cont.)
My:AbFt:Bly/x]
[ fun(x:A)=1t:Vx:AB

(V)

=t :Vx: A B Nt A
I_'_tl tQZB[tQ/X]

(VE)

FrEt:A Tkt B[ti/x] 3N
[+ pair(t;, t) : Ix: A B

N=t:3x: A B Ny:Az:Bly/x]Ft:C
[+ open(t,y.z.t'): C

(3E)

Note: All substitutions are admissible and y does not occur free in I
or B; open(pair(ti, t,), y.z.t') £ t/[t2/2][t/y].
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Curry-Howard Correspondence

’ Logic \ Programming (Typed A-Calculus) ‘
proof program (\ term)
proposition type
proof checking | type checking
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Main Typing/Inference Rules in Coq/CIC

A type is expressed as a term.
Every term has a type.
The type of a type is called a sort.

Sorts in (predicative) Calculus of Inductive Constructions (CIC,
the type theory behind Coq):

S = {SProp, Prop, Set, Type(1), Type(2), Type(3),--- }
SProp : Type(1).
Prop : Type(1).

Set : Type(1).
Type(i) : Type(i + 1), for i > 1.
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Main Typing/Inference Rules in CIC (cont.)
Prod-Prop

EM+A:s seS8 E[l:(a:A)]F B:Prop
E[llFVa: A B: Prop

Prod-Set /* Set is predicative. */

E[Ml+A:s se {SProp,Prop, Set} El ::(a: A)]F B: Set
E[l+Va: A B: Set

Prod-Type

ElM-A:s  se{SProp, Type(i)}  E[l :: (a:A)]F B: Type(i)

E[ll+Va: A, B : Type(i)
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Main Typing/Inference Rules in CIC (cont.)
EMNFA—B:s E[l:(v:A)]kFe:B
EMFfunv:A=e:A— B

where B does not depend on v.

Lam

EfM[Fe:A—=B  E[Fe:A

A
PP EMFee:B

EMFYv:AB:s E[l:(v:A)]Ft:B
EMFfunv:A=t:Vv:AB

Lam

Note: “A — B" is just a shorthand for “Vv : A, B", when B does not
depend on v.

EMFt:Vv:AB E[lMNFt:A
E[F] H ty & B[tg/V]

Yih-Kuen Tsay (IM.NTU) Natural Deduction in Coq SSV 2024 17 /35

App



Main Typing/Inference Rules in CIC (cont.)

EMlFYv:AB:s El:(v:A)|Ft:B
EMlFfunv:A=1t:Vv:AB

Lam

EMFt:Vv:AB E[lNFt:A
E[F] F t b B[tQ/V]

App

EMNFtH:A  El:(x=t:A]F-t:B
E[MFlet x:=t :Ain tp: B[t;/xX]

Let
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The Example Proof in Coq

The proposition to prove: ((AV B) — C) — (A— ().

Formalization in Coq:

Variables A B C: Prop.

Lemma tO: ((A \/ B) -> C) -> (A > C).

A proof in Coq:

intro x; intro y; apply x; left; assumption.

The proof term in Coq:

fun (x : A\/ B ->C) (y : A) => x (or_introl y)
: (A\/B->C) >A->C

cf.: fun(x: (AV B) = C) = fun(y : A) = x inl(_, y)
:((AVB) - C)—= (A= ()
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V-Introduction in Coq &
The universal quantifier forall (V) is a primitive in Coq (CIC)
Notation "A -> B" := (forall (_ : A), B) : type_scope.

“A — B" is a shorthand for “Vv : A, B", when B does not depend on v.
Proposition to prove:

Variable D: Set.

Variables P Q: D -> Prop.
Section A11_T.

Hypothesis h: forall x, P x.
Lemma all_I: forall y, P y.

éﬁ& A11_ T.

A proof in Coq:

intro; apply h.

The proof term in Coq:

all.I = funy : D=>hy
forally : D, Py
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V-Elimination in Coq

The universal quantifier forall (V) is a primitive in Coq (CIC)
Proposition to prove:

Hypothesis h: forall x, P x.
Variable t: D.
Lemma all_E: P t.

A proof in Coq:
apply h.
The proof term in Coq:
all E=ht
Pt
To maintain symmetry with existential quantification (function
ex, to be defined later), function all is defined.

Definition all (A:Type) (P:A -> Prop) := forall x:A, P x.
This allows one to write “all p”, like “ex p".
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A-Introduction in Coq
Definition of and (A):
Inductive and (A B:Prop) : Prop :=
conj : A->B ->A/\B
where "A /\ B" := (and A B) : type_scope.
Note: the type of conj is actually
forall A B : Prop, A ->B -> A /\ B
where arguments A and B are implicit (as they can be inferred).
Proposition to prove:
Hypothesis t1: A.
Hypothesis t2: B.
Lemma and_I: A /\ B.
A proof in Coq:
split; assumption; assumption.
The proof term in Coq:
and_I = conj t1 t2
: A/\'B
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A-Elimination in Coq

Automatically generated and_ind:

and_ind =
fun (A BP : Prop) (f : A ->B ->P)
(a: A/\B) =>

match a with
| conj x x0 => f x %0
end
: forall A B P : Prop,
(A->B->P) >A/\B->P

Proposition to prove:

Hypothesis t: A /\ B.
Lemma and_E1: A.

A proof in Coq:

elim t; intro x; intro y; assumption.

The proof term in Coq:

and_E1 = and_ind (fun (x : A) (_ : B) => x) t
: A
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A-Elimination in Coq (cont.)

t:AANB,x:Ajy:BFx: A

Lam t:AAB,x: Ak fun(y :B) = x:B — A
o Lam A ABF fun(x Ay B) = x A>B A
AIJIJAPP t: AA Bt and.ind (fun(x : A)(y : B) = x) :AAB — A t:AANBFt:AAB
t: AABF and.ind (fun(x: A)(y : B) = x) t: A

o

(Let a denote and_ind; further details omitted)
App -Fa:VA,B,P:Prop,(A—->B—P)—>AANB— P -+ A: Prop

App -FaA:VB,P:Prop,(A—B—P)—>AAB— P -+ B : Prop

App -FaAB:VP:Prop,(A—B—P)—>AAB—P -+ A: Prop

t:AANBFaABA:(A>B > A) > AAB— A

Note: the anticedent (assumptions) in each sequent (judgement)
should really be like E[I" :: (t : AA B)...] and is sometimes elided as
a dot “". The upper occurrences of and_ind have A, B, and A as

implicit arguments.
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A-Elimination in Coq (cont.)
Automatically generated and_ind:

and_ind =
fun (ABP : Prop) (f : A ->B -> P)
(a: A/\B) =

match a with
| conj x x0 => f x %0
end
: forall A B P : Prop,
(A->B->P) >A/\B->P

Proposition to prove:

Hypothesis t: A /\ B.
Lemma and_E1_alt: A.

A proof in Coq:

apply t.

The proof term in Coq:

and_E1_alt =

let H : A := match t with
| conj x _ =>x
end in

H

: A
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A-Elimination in Coq (cont.)

t:ANBFt:AAB
t:AABFlet H: A:=match t with |conj x - = xendin H: A

Apply

or

t:ANBFt:AAB
t: AABF match t with |conj x - = xend: A

Apply

Note : the term "match t with | conj x - = x end” plays the role
of fst(t) as in the AE; rule of the Intuitionistic ND with Proof
Terms, as shown again below.

[Ft:AAB
E
[+ fst(t): A (NEy)
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V-Introduction in Coq

Definition of or (V):
Inductive or (A B:Prop) : Prop :=

| or_introl :
| or_intror :

where "A \/ B" :

A
B

->A\/ B
-> A\/B
(or A B) : type_scope.

Proposition to prove:

Hypothesis t: A.
Lemma or_I1: A \/ B.

A proof in Coq:

left; assumption.

The proof term in Coq:

or_I1 = or_introl t

A\/ B
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V-Elimination in Coq
Automatically generated or_ind:

or_ind =
fun (ABP : Prop) (f : A ->P) (fO : B -> P)
(o : A\/ B) =>

match o with
| or_introl x => f x
| or_intror x => f0 x
end
: forall AB P : Prop, (A ->P) -> (B -> P)
->A\/B->P
Proposition to prove:

Hypothesis t: A \/ B.
Hypothesis t1: A -> C.
Hypothesis t2: B -> C.
Lemma or_E: C.

A proof in Coq:
elim t; assumption; assumption.
The proof term in Coq:
or_E = or_ind t1 t2 t
: C
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T-Introduction in Coq

Definition of True (T):
Inductive True : Prop := I : True.
Automatically generated True_ind:

True_ind =
fun (P : Prop) (£ : P) (t : True) =>
match t with
| T =>f
end
: forall P : Prop, P -> True -> P

Proposition to prove:

Lemma true_I: True.

A proof in Coq:

exact I.

The proof term in Coq:

true_ I =1
: True
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1 -Elimination in Coq
Definition of False (L):
Inductive False : Prop :=

Automatically generated False_ind:

False_ind =
fun (P : Prop) (f : False) =>
match f return P with
end
: forall P : Prop, False -> P

Proposition to prove:
Hypothesis t: False.
Lemma false_E: A.

A proof in Coq:

elim t.

The proof term in Coq:

false_E = False_ind A t
A
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J-Introduction in Coq
Definition of ex (3):
Inductive ex (A:Type) (P:A -> Prop) : Prop :=
ex_intro : forall x:A, P x -> ex (A:=A) P.

Notation "’exists’ x .. y , p" := (ex (fun x => .. (ex (fun y => p)) ..))
(at level 200, x binder, right associativity,
format "’[’ ’exists’ °/ ’>x .. y, ’/ p’1’"m
: type_scope.

Note: the type of ex_intro is actually
forall (A: Type) (P: A -> Prop) (x: A), P x -> exists y, P y.
Proposition to prove:
Variable y: D.
Hypothesis H: P y.
Lemma exists_I: exists x, P x.
A proof in Coq:
exists y; assumption.
The proof term in Coq:
exists_I =
ex_intro (fun x : D => P x) y H
: exists x : D, P x
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J-Elimination in Coq
Automatically generated ex_ind:

ex_ind =
fun (A : Type) (P : A -> Prop) (PO : Prop)
(f : forall x : A, P x -> PO) (e : exists y, P y) =>
match e with
| ex_intro _ x x0 => f x x0
end

: forall (A : Type) (P : A -> Prop) (PO : Prop),
(forall x : A, P x => P0O) —>
(exists y, P y) -> PO
Proposition to prove:
Hypothesis t: exists x, P x.
Lemma exists_E: exists y, P y.
A proof in Coq:
elim t; intro x; intro H; exists x; assumption.
The proof term in Coq:

exists_E =
ex_ind
(fun (x : D) (H : P x) =>
ex_intro (funy : D=>Py) x H) t
: exists y : D, Py
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=-Introduction in Coq

Definition of eq (=):

Inductive eq (A:Type) (x:A) : A -> Prop :=
eq_refl : x =x > A

where "x =y :> A" := (Geq A x y) : type_scope.

Proposition to prove:

Lemma eq_I: t1 = t1.

A proof in Coq:

reflexivity.

The proof term in Coq:

eq_I = eq_refl
1 tl = t1
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=-Elimination in Coq

Automatically generated eq_ind:

eq_ind =

fun (A : Type) (x : A) (P : A -> Prop)

(f : Px) (y: A (e :x=y) =

match e in (_ = y0) return (P y0) with

| eq_refl => £

end
: forall (A : Type) (x : A) (P : A -> Prop),

Px->forally : A, x=y >Py

Proposition to prove:

Hypothesis H: t1 = t2.

Lemma eq_E: t2 = t1.

A proof in Coq:

rewrite <- H; reflexivity.

The proof term in Coq:

eq_E =

eq_ind t1 (fun d : D => d = t1) eq_refl t2 H
:t2 = t1
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