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Homework 6 - 10
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Menu
1 HW#6

1
2
3
4
5
6
7

2 HW#7
1
2
3
4
5
6
7

3 HW#8
1
2
3
4
5
6
7

4 HW#9
1
2
3
4
5
6
7

5 HW#10
1
2
3
4
5
6
7
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HW#6 Problem 1
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HW#6 Problem 1 (a)

Transform languages 𝐴 and 𝐵 into the new forms:
𝐴 = {𝑎𝑖𝑏𝑗𝑐𝑘 ∣ (𝑖 = 𝑗) ∧ (𝑖, 𝑗, 𝑘 ≥ 0)}, and
𝐵 = {𝑎𝑖𝑏𝑗𝑐𝑘 ∣ (𝑗 = 𝑘) ∧ (𝑖, 𝑗, 𝑘 ≥ 0)}

The intersection of 𝐴 and 𝐵
= {𝑎𝑖𝑏𝑗𝑐𝑘 ∣ (𝑖 = 𝑗) ∧ (𝑗 = 𝑘) ∧ (𝑖, 𝑗, 𝑘 ≥ 0)}, which is equal to
{𝑎𝑛𝑏𝑛𝑐𝑛 ∣ 𝑚, 𝑛 ≥ 0}

We’ve known that 𝐴 and 𝐵 are context-free languages, but the
intersection of 𝐴 and 𝐵 = {𝑎𝑛𝑏𝑛𝑐𝑛 ∣ 𝑚, 𝑛 ≥ 0} is not context free,
so the class of context-free languages is not closed under intersection.
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HW#6 Problem 1 (b)

DeMorgan’s law: 𝐴 ∩ 𝐵 = 𝐴 ∪ 𝐵

We’ve known that the class of context-free languages is closed under
union. Now suppose that the class of context-free languages is closed
under complementation and 𝐴 and 𝐵 are two context-free languages:

𝐴 and 𝐵 are context free.
⇒ 𝐴 and 𝐵 are context free.
⇒ 𝐴 ∪ 𝐵 is context free.
⇒ 𝐴 ∪ 𝐵 is context free.
⇒ 𝐴 ∩ 𝐵 is context free.
⇒ false

Homework 6 - 10 Theory of Computing 2023 5 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#6 Problem 1 (b)

We’ve known that the class of context-free languages is not closed
under intersection in problem1 (a), contradiction.

So the class of context-free languages is not closed under
complementation.
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HW#6 Problem 2
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HW#6 Problem 2 (a)

{𝑤 ∣ the length of 𝑤 is odd}

𝑞0start 𝑞1 𝑞2 𝑞3𝜖, 𝜖 → $

0, 𝜖 → 0
1, 𝜖 → 0

0, 𝜖 → 𝜖
1, 𝜖 → 𝜖

0, 0 → 𝜖
1, 0 → 𝜖

𝜖, $ → 𝜖
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HW#6 Problem 2 (b)

{𝑤 ∣ 𝑤 is a palindrome, that is, 𝑤 = 𝑤𝑅}

𝑞0start 𝑞1 𝑞2 𝑞3𝜖, 𝜖 → $

0, 𝜖 → 0
1, 𝜖 → 1

0, 𝜖 → 𝜖
1, 𝜖 → 𝜖
𝜖, 𝜖 → 𝜖

0, 0 → 𝜖
1, 1 → 𝜖

𝜖, $ → 𝜖
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HW#6 Problem 3
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HW#6 Problem 3

𝑞𝑠𝑡𝑎𝑟𝑡start

𝑞𝑙𝑜𝑜𝑝

𝑞𝑎𝑐𝑐𝑒𝑝𝑡

𝜖, 𝜖 → $

𝜖, 𝜖 → 𝐸

𝜖, $ → 𝜖
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HW#6 Problem 3
𝐸 → 𝐸 + 𝑇

𝑞𝑠𝑡𝑎𝑟𝑡start

𝑞𝑙𝑜𝑜𝑝

𝑞𝑎𝑐𝑐𝑒𝑝𝑡

𝜖, 𝜖 → $

𝜖, 𝜖 → 𝐸

𝜖, $ → 𝜖

𝜖, 𝜖 → +𝜖, 𝐸 → 𝑇 𝜖, 𝜖 → 𝐸
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HW#6 Problem 3
𝑇 → 𝑇 × 𝐹

𝑞𝑠𝑡𝑎𝑟𝑡start

𝑞𝑙𝑜𝑜𝑝

𝑞𝑎𝑐𝑐𝑒𝑝𝑡

𝜖, 𝜖 → $

𝜖, 𝜖 → 𝐸

𝜖, $ → 𝜖

𝜖, 𝜖 → +

𝜖, 𝜖 → ×

𝜖, 𝐸 → 𝑇 𝜖, 𝜖 → 𝐸

𝜖, 𝑇 → 𝐹 𝜖, 𝜖 → 𝑇

Homework 6 - 10 Theory of Computing 2023 13 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#6 Problem 3
𝐹 → ( 𝐸 )

𝑞𝑠𝑡𝑎𝑟𝑡start

𝑞𝑙𝑜𝑜𝑝

𝑞𝑎𝑐𝑐𝑒𝑝𝑡

𝜖, 𝜖 → $

𝜖, 𝜖 → 𝐸

𝜖, $ → 𝜖

𝜖, 𝜖 → +

𝜖, 𝜖 → ×

𝜖, 𝜖 → 𝐸

𝜖, 𝐸 → 𝑇 𝜖, 𝜖 → 𝐸

𝜖, 𝑇 → 𝐹 𝜖, 𝜖 → 𝑇

𝜖, 𝐹 → ) 𝜖, 𝜖 → (
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HW#6 Problem 3
Remaining grammar

𝑞𝑠𝑡𝑎𝑟𝑡start

𝑞𝑙𝑜𝑜𝑝

𝑞𝑎𝑐𝑐𝑒𝑝𝑡

𝜖, 𝜖 → $

𝜖, 𝜖 → 𝐸

𝜖, $ → 𝜖

𝜖, 𝜖 → +

𝜖, 𝜖 → ×

𝜖, 𝜖 → 𝐸

𝜖, 𝐸 → 𝑇 𝜖, 𝑇 → 𝐹 𝜖, 𝐹 → 𝑎 𝑎, 𝑎 → 𝜖
+, + → 𝜖 ×, × → 𝜖 (, ( → 𝜖 ), ) → 𝜖

𝜖, 𝐸 → 𝑇 𝜖, 𝜖 → 𝐸

𝜖, 𝑇 → 𝐹 𝜖, 𝜖 → 𝑇

𝜖, 𝐹 → ) 𝜖, 𝜖 → (
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HW#6 Problem 4
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HW#6 Problem 4 (a)

Counterexample:
if condition then if condition then a:=1 else a:=1

There are two ways to obtain this language:

1.
⟨STMT⟩
⇒ ⟨IF-THEN⟩
⇒ if condition then ⟨STMT⟩
⇒ if condition then ⟨IF-THEN-ELSE⟩
⇒ if condition then if condition then ⟨STMT⟩ else
⟨STMT⟩
⇒ if condition then if condition then a:=1 else a:=1

Homework 6 - 10 Theory of Computing 2023 17 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#6 Problem 4 (a)

2.
⟨STMT⟩
⇒ ⟨IF-THEN-ELSE⟩
⇒ if condition then ⟨STMT⟩ else ⟨STMT⟩
⇒ if condition then ⟨IF-THEN⟩ else ⟨STMT⟩
⇒ if condition then if condition then ⟨STMT⟩ else
⟨STMT⟩
⇒ if condition then if condition then a:=1 else a:=1

So 𝐺 is ambiguous.
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HW#6 Problem 4 (b)

⟨STMT⟩ → ⟨ASSIGN⟩ ∣ ⟨IF-THEN⟩ ∣ ⟨IF-THEN-ELSE⟩
⟨IF-THEN⟩ → if condition then ⟨STMT⟩
⟨IF-THEN-ELSE⟩ → if condition then ⟨STMT⟩ else ⟨STMT⟩
⟨ASSIGN⟩ → a:=1

The problem of the original grammar 𝐺 is that when
⟨IF-THEN-ELSE⟩ appears, we expect that the if and else in it
should be matched, but the ⟨STMT⟩ in front of the else may have a
unmatched if which may wrongly match the else.

To solve the problem, we need to guarantee that all if and else
between the if and else in ⟨IF-THEN-ELSE⟩ should already be
matched.
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HW#6 Problem 4 (b)

A new unambiguous grammar 𝐺′:

⟨STMT⟩ → ⟨ASSIGN⟩ ∣ ⟨IF-THEN⟩ ∣ ⟨IF-THEN-ELSE⟩

⟨IF-THEN⟩ → if condition then ⟨STMT⟩

⟨IF-THEN-ELSE⟩ → if condition then ⟨STMT-M⟩ else ⟨STMT⟩

⟨STMT-M⟩ → ⟨ASSIGN⟩ ∣ ⟨IF-THEN-ELSE-M⟩

⟨IF-THEN-ELSE-M⟩ → if condition then ⟨STMT-M⟩ else ⟨STMT-M⟩

⟨ASSIGN⟩ → a:=1

We guarantee that all if and else in -M variables have already been
matched.
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HW#6 Problem 5
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HW#6 Problem 5

Let 𝑀𝐴 = (𝑄𝐴, Σ, 𝛿𝐴, 𝑞𝐴, 𝐹𝐴) and 𝑀𝐵 = (𝑄𝐵, Σ, 𝛿𝐵, 𝑞𝐵, 𝐹𝐵) be
two nfas that recognize 𝐴 and 𝐵, respectively. We can construct a
pda 𝑃 = (𝑄, Σ, Γ, 𝛿, 𝑞0, 𝐹 ) that recognizes 𝐴 ⋄ 𝐵:
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HW#6 Problem 5

𝑄 = 𝑄𝐴 ∪ 𝑄𝐵 ∪ {𝑞0, 𝑞𝑎𝑐𝑐𝑒𝑝𝑡},
Γ = {$, 𝑖},
𝛿((𝑞, 𝛾), 𝜎) =
⎧{{{{{
⎨{{{{{⎩

(𝑞𝐴, $) if 𝑞 = 𝑞0 and 𝛾 = 𝜖 and 𝜎 = 𝜖
(𝛿𝐴(𝑞, 𝜎), 𝑖) if 𝑞 ∈ 𝑄𝐴 and 𝛾 = 𝜖 and 𝜎 ≠ 𝜖
(𝛿𝐴(𝑞, 𝜎), 𝜖) if 𝑞 ∈ 𝑄𝐴 and 𝛾 = 𝜖 and 𝜎 = 𝜖
(𝑞𝐵, 𝜖) if 𝑞 ∈ 𝐹𝐴 and 𝛾 = 𝜖 and 𝜎 = 𝜖
(𝛿𝐵(𝑞, 𝜎), 𝜖) if 𝑞 =∈ 𝑄𝐵 and 𝛾 = 𝑖 and 𝜎 ≠ 𝜖
(𝛿𝐵(𝑞, 𝜎), 𝜖) if 𝑞 =∈ 𝑄𝐵 and 𝛾 = 𝜖 and 𝜎 = 𝜖
(𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝜖) if 𝑞 ∈ 𝐹𝐵 and 𝛾 = $ and 𝜎 = 𝜖

𝑞0 is the start state,
𝐹 = {𝑞𝑎𝑐𝑐𝑒𝑝𝑡} is the set of accept states.
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HW#6 Problem 5

Schematic state diagram (not real PDA):
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HW#6 Problem 6
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HW#6 Problem 6

Let 𝑠 be 0𝑝12𝑝0𝑝, where 𝑝 is the pumping length.
Cases of dividing 𝑠 as 𝑢𝑣𝑥𝑦𝑧 (where |𝑣𝑦| > 0 and |𝑣𝑥𝑦| ≤ 𝑝):
if 𝑣𝑥𝑦 are all 0s or 1s, 𝑢𝑣2𝑥𝑦2𝑧 will make the number of 0s and 1s
become unbalanced.
if 𝑣 are all 0s and 𝑦 are all 1s, 𝑢𝑣2𝑥𝑦2𝑧 will not be a palindrome.
if 𝑣 are all 1s and 𝑦 are all 0s, 𝑢𝑣2𝑥𝑦2𝑧 will not be a palindrome.
if 𝑣 are 0𝑖1𝑗 and 𝑦 are all 1s, 𝑢𝑣2𝑥𝑦2𝑧 will not be a palindrome.
if 𝑣 are all 1s and 𝑦 are 1𝑖0𝑗, 𝑢𝑣2𝑥𝑦2𝑧 will not be a palindrome.
So 𝐴 is not context free.
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HW#6 Problem 7
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HW#6 Problem 7
Let 𝑠 be 𝑎𝑟(𝑝+1)𝑏𝑝+1, where 𝑝 is the pumping length and 𝑟 > 𝑝.
Cases of dividing 𝑠 as 𝑢𝑣𝑥𝑦𝑧 (where |𝑣𝑦| > 0 and |𝑣𝑥𝑦| ≤ 𝑝):

if 𝑣𝑥𝑦 are all 𝑏’s, then 𝑢𝑣𝑙𝑥𝑦𝑙𝑧 is not in 𝐹 for all 𝑙 > 𝑟.
if 𝑣𝑥𝑦 are all 𝑎’s, then 𝑢𝑣0𝑥𝑦0𝑧 is not in 𝐹
((𝑟 − 1)(𝑝 + 1) < 𝑟(𝑝 + 1) − |𝑣𝑦| < 𝑟(𝑝 + 1)).
if 𝑣 are all 𝑎’s and 𝑦 are all 𝑏’s. Suppose 𝑢𝑣𝑙𝑥𝑦𝑙𝑧 is in 𝐹 , then
𝑟(𝑝 + 1) + (𝑙 − 1)|𝑣| = 𝑘((𝑝 + 1) + (𝑙 − 1)|𝑦|).
(1) If 𝑘 ≥ 𝑟, (𝑘 − 𝑟)(𝑝 + 1) = (𝑙 − 1)(|𝑣| − 𝑘|𝑦|), which leads to
a contradiction since LHS is positive but |𝑣| − 𝑘|𝑦| < 0.
(2) If 𝑘 < 𝑟, (𝑟 − 𝑘)(𝑝 + 1) = (𝑙 − 1)(𝑘|𝑦| − |𝑣|), for sufficient
large 𝑙, the equation does not hold.
Thus we prove by contradiction that 𝑢𝑣𝑙𝑥𝑦𝑙𝑧 is not in 𝐹 .
if 𝑣 are 𝑎𝑖𝑏𝑗 and 𝑦 are all 𝑏’s, 𝑢𝑣2𝑥𝑦2𝑧 is not in 𝐹 .
if 𝑣 are all 𝑎’s and 𝑦 are 𝑎𝑖𝑏𝑗, 𝑢𝑣2𝑥𝑦2𝑧 is not in 𝐹 .

So 𝐹 is not context free.
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HW#7 Problem 2

𝐿 = {𝜔 ∈ {0, 1}∗ ∣ 𝜔 is nonempty and contains twice as many 1s as
0s }.

tm𝐿 is a 7-tuple (𝑄, Σ, Γ, 𝛿, 𝑞0, 𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝑞𝑟𝑒𝑗𝑒𝑐𝑡), where
𝑄 = {𝑞0, 𝑞1, ⋯ , 𝑞7, 𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝑞𝑟𝑒𝑗𝑒𝑐𝑡},
Σ = {0, 1},
Γ = {0, 1, ␣, $},
𝑞0 is the initial state,
𝑞𝑎𝑐𝑐𝑒𝑝𝑡 is the accept state,
𝑞𝑟𝑒𝑗𝑒𝑐𝑡 is the reject state, and
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HW#7 Problem 2
𝛿 = (all undescribed transitions lead to 𝑞𝑟𝑒𝑗𝑒𝑐𝑡)

𝑞0start 𝑞2

𝑞1 𝑞3

𝑞4

𝑞5

𝑞6 𝑞7 𝑞𝑎𝑐𝑐𝑒𝑝𝑡

0 → $, 𝑅

1 → $, 𝑅

0, 𝑥 → 𝑅

1 → 𝑥, 𝑅

0, 𝑥 → 𝑅

1 → 𝑥, 𝐿

0 → 𝑥, 𝑅

1 → 𝑥, 𝑅

0, 𝑥 → 𝑅

1 → 𝑥, 𝐿

1, 𝑥 → 𝑅
0 → 𝑥, 𝐿

0, 1, 𝑥 → 𝐿

$ → 𝑅

0 → $, 𝑅

1 → $, 𝑅

𝑥 → 𝑅

␣ → 𝑅
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HW#7 Problem 3

不是合法的 Turing machine，原因是並沒有寫出 (a) 步驟列舉所有
𝑥1, ..., 𝑥𝑘 的方法
=> 不同的列舉方法可能產生不同的結果!
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HW#7 Problem 4

做出一台圖靈機 decide 兩個 decidable language
假設兩個 decidable language A, B 對應到的 Decider 𝑀𝐴, 𝑀𝐵
做出 M = “On input 𝑤,
1. Divide 𝑤 into 𝑥𝑦 (|𝑤| + 1 different division)
2. Input 𝑥 to 𝑀𝐴 and 𝑦 to 𝑀𝐵 (try any possible with |𝑤| + 1
division)
3. Repeat Step 1 and 2, if both 𝑀𝐴 𝑀𝐵 accept on some 𝑥 𝑦,
accept, otherwise, reject.”
由於 𝑤 是有限長度字串，它的分割法只有 |𝑤| + 1 種
而且 Decider 𝑀𝐴 與 𝑀𝐵 都會停機
所以 M 也一定會在有限時間停機，M decides the concatenation of A
and B
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HW#7 Problem 5

要說明一個能夠向左回溯到頭，但無法像一般的圖靈機一樣向左看一
格，其辨識效果和一般圖靈機相同
想法是：總目標是想要往左一格的話，先把目前 head 的位置的
square 用一個 dot 標註起來，接下來做一個 reset 的動作
把 reset 過後的 head 往右移，直到遇到了一個 non-blank symbol，把
這一個 symbol 塗成 blank (writes a blank in its square)，並把他記在
state 中，再往右一格
用記在 state 中的 symbol 去覆寫往右一格後的 symbol，如此一來可
以實現所有的 symbol 都往右移了一格
接下來只需要再 reset 一次，往右移到標註 dot 的 square，就是我們
的目標！
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HW#7 Problem 5

T E S T E R ...

↑
T E S ̇𝑇 E R ...

↑
T E S ̇𝑇 E R ...

↑
␣ E S ̇𝑇 E R ...
↑
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HW#7 Problem 5

␣ T S ̇𝑇 E R ...

↑
␣ T E ̇𝑆 E R ...

↑
␣ T E ̇𝑆 T E R ...

↑
接下來再 reset 一次，一直讓指標往右跑，
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HW#7 Problem 5

␣ T E ̇𝑆 T E R ...

↑
直到指標指到被標記的 symbol，就是目標了

␣ T E ̇𝑆 T E R ...

↑
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HW#7 Problem 6

一台只能往右與停在原地的圖靈機，它的辨識能力究竟為何？

有一個關鍵是在與這個圖靈機沒辦法往回讀取它在左邊所寫過的玩意
這個永遠不回頭的特性，和某種東西好像有點像...
PDA 能夠把前面的內容塞到 stack，所以似乎不是 PDA
NFA/DFA 呢？
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HW#7 Problem 6

我們先用這種圖靈機去模擬一台 DFA
很簡單，把 DFA 的 transition 加上指針不寫入且往右移
並在原本的 accepting states 加入一條讀取空格則跑到 𝑞𝑎𝑐𝑐𝑒𝑝𝑡 的
transition 即可
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HW#7 Problem 6

那麼要如何用 NFA 模擬這種圖靈機？
這個地方稍微有點難懂

當這台圖靈機往右走的時候，其實我們不需要理會它在原本那格寫了
什麼，因為它永遠不回頭
但若這台圖靈機在某格一直待著，我們勢必要記錄現在這格到底內容
是什麼
我們會利用 states 去記錄
也就是說，除了原本圖靈機的狀態集 𝑄 之外，我們還需要 𝑄 × Γ，包
含同時存著圖靈機狀態與紙帶當前字元的 pairs
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HW#7 Problem 6
那麼要怎麼把輸入字串餵給 NFA
當圖靈機第一次來到某一格，因為永遠不回頭，這格若不是空格就是
輸入字元
如果是輸入字元，就對應到 NFA 輸入字元的動作
其餘地方都是 𝜖-transition，利用 state 本身記錄紙帶內容

那若是往右遇到空格了呢？
我們把一開始在 𝑞 狀態遇到空格記為一個 pair [𝑞, ␣]
𝑄 與 Γ 都是有限集合，持續走 |𝑄| × |Γ| 步之後必然會遇到相同的
pair（遇到相同 pair 時的環境都一樣：右邊都是無盡的空格)
就可以確認這機器不會停機，也就是這機器不接受這個字串
反過來如果從 𝑞 持續走若干步之後到達 𝑞𝑎𝑐𝑐𝑒𝑝𝑡，則將 𝑞 狀態當成
accepting state
若 NFA 輸入完字串後停在這裡，就相當於接受了這個字串
我們把符合條件的這種 𝑞 收集起來做成集合 𝐹
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HW#7 Problem 6

那麼 NFA 裡頭包含 𝑞𝑎𝑐𝑐𝑒𝑝𝑡 的狀態要怎麼處理？
因為圖靈機是碰到 𝑞𝑎𝑐𝑐𝑒𝑝𝑡 就直接停機
所以 NFA 的這些狀態應該會有一條 𝜖-transition 連到一個永遠待在原
地的 accepting state
令這個 accepting state 為 𝑞′

𝑎𝑐𝑐𝑒𝑝𝑡
那麼 NFA 的 accepting states 就是 𝐹 ∪ {𝑞′

𝑎𝑐𝑐𝑒𝑝𝑡}

Homework 6 - 10 Theory of Computing 2023 48 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#7 Problem 6
假設原本圖靈機的 transition function 為 𝛿，而 NFA 的 transition
relation 是 𝛿′(𝑞′ ∈ 𝛿′(𝑞𝑎))
若是圖靈機在 𝑞 狀態接收到一個 𝑎 ∈ Σ，而下述的 𝑋 ∈ Γ
𝛿(𝑞, 𝑎) = (𝑞′, 𝑋, 𝑅)，因為往右走所以不需要理會 X，所以
(𝑞, 𝑎, 𝑞′) ∈ 𝛿′

𝛿(𝑞, 𝑎) = (𝑞′, 𝑋, 𝑆)，因為停下來了，需要記錄 X，所以
(𝑞, 𝑎, (𝑞′, 𝑋)) ∈ 𝛿′

這邊會實際吃掉輸入字元

若是圖靈機在 𝑞 狀態接收到一個 𝑋 ∈ Γ，而下述的 𝑌 ∈ Γ
𝛿(𝑞, 𝑋) = (𝑞′, 𝑌 , 𝑅)，因為往右走所以不需要理會 Y，所以
((𝑞, 𝑋), 𝜖, 𝑞′) ∈ 𝛿′

𝛿(𝑞, 𝑋) = (𝑞′, 𝑌 , 𝑆)，因為停下來了，需要記錄 Y，所以
((𝑞, 𝑋), 𝜖, (𝑞′, 𝑌 )) ∈ 𝛿′

這邊會用 𝜖-transition 去模擬紙帶的運作
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HW#7 Problem 6

NFA 模擬 TM 在 𝑞 狀態接收一個 𝑎 ∈ Σ，而下述的 𝑋 ∈ Γ：
(𝑞, 𝑎, 𝑞′) ∈ 𝛿′

(𝑞, 𝑎, (𝑞′, 𝑋)) ∈ 𝛿′

NFA 模擬 TM 在 𝑞 狀態接收到一個 𝑋 ∈ Γ，而下述的 𝑌 ∈ Γ
((𝑞, 𝑋), 𝜖, 𝑞′) ∈ 𝛿′

((𝑞, 𝑋), 𝜖, (𝑞′, 𝑌 )) ∈ 𝛿′

NFA 模擬 TM 處理 accepting state:
(𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝜖, 𝑞′

𝑎𝑐𝑐𝑒𝑝𝑡) ∈ 𝛿′

((𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝑋), 𝜖, 𝑞′
𝑎𝑐𝑐𝑒𝑝𝑡) ∈ 𝛿′ for all 𝑋 ∈ Γ

(𝑞′
𝑎𝑐𝑐𝑒𝑝𝑡, 𝑎, 𝑞′

𝑎𝑐𝑐𝑒𝑝𝑡) ∈ 𝛿′ for all 𝑎 ∈ Σ
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HW#7 Problem 6

弄了這麼長，結論就是我們能用這種圖靈機模擬 DFA，也能用 NFA
模擬這種圖靈機
因為 DFA 與 NFA 的辨識能力是相同的，所以這種圖靈機的辨識能力
也和它們相同
所以這種圖靈機能辨識的語言就局限於 regular languages
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HW#7 Problem 7
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HW#7 Problem 7

第一小題要說明 2-PDA 比 1-PDA 強
很明顯 2-PDA 當然能夠模擬 1-PDA
那要如何證明 1-PDA 無法模擬 2-PDA？
那我們就找一個 language，可以被一個 2-PDA 給辨識，但卻不是
context-free
我們挑 0𝑛1𝑛0𝑛1𝑛，已知它不是 context-free
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HW#7 Problem 7

流程大致是這樣：
在兩個 stacks 當中塞入一個識別符號 $
吃若干個 0 放入第一個 stack
吃 1 並把 0 從第一個 stack pop 掉並把 1 塞入第二個 stack
吃 0 並把 1 從第二個 stack pop 掉並把 0 塞入第一個 stack
吃 1 並把 0 從第一個 stack pop 掉
當兩個 stacks 的頂端都是 $ 則跳到 accepting state（若還有字沒輸入
完成，輸進去就會爆掉）
這樣我們就建構出一個能辨識這個語言的 2-PDA
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HW#7 Problem 7

注意，兩個方向都要給出說明 2-PDA 可以模擬 1-PDA，但 1-PDA 沒
辦法辨識某些 2-PDA 能辨識的語言
這樣才能說明 2-PDA 能辨識的語言集合嚴格大於 1-PDA 的
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HW#7 Problem 7

第二小題，說明 3-PDA 的辨識能力與 2-PDA 一樣
這邊往另外一個方向，證明這兩種機器都與另外一種機器具有一樣的
能力
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HW#7 Problem 7

首先我們要用圖靈機去模擬 2-PDA
用 3-tape TM 來模擬
一號紙帶代表 PDA 的輸入，在有實際輸入時才向右
二號三號分別代表兩個 stacks
指針指到的字代表 stack 頂的內容，一開始先填充識別符號代表 stack
為空
PDA 有 pop 代表會偵測指針指到的字
如果有 pop 且沒有塞字進去，則代表填入空格且向左
有 pop 也有塞入，則代表填入塞入的字且停在原地
沒有 pop 也沒有塞字，則停在原地
沒有 pop 而有塞字，則向右並在右邊這格寫入（一個 R 再一個 S）
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HW#7 Problem 7

那麼如何用 2-PDA 去模擬 TM？
首先先在 stack 底部填上識別符號
再來吃入所有輸出到一個 stack 裡頭
此時 stack 頂會是最尾巴的字，我們看不到開頭是什麼
所以就把所有字倒到另一個 stack
基於 stack 的性質，現在另一個 stack 的頂端就會是第一個字元了
我們把這個 stack 的頂端當成圖靈機的指針指向的位置
這個 stack（暫時稱為 1 號 stack）代表指針與其右方，另外一個（2
號 stack）代表左方，距離頂端越遠，代表離指針越遠
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HW#7 Problem 7

圖靈機指針向右，就是從 1 號 stack pop 掉並把圖靈機寫入的字元塞
到 2 號 stack
當 1 號 stack 看到識別符號，代表圖靈機指針初次跑到一個很右的地
方
因為在那之前圖靈機還沒到過，所以這裡自然會是空格，所以就先把
空格塞入 1 號 stack 再算下去

圖靈機指針向左，就是先對 1 號 stack 做 pop，塞入 TM 所寫入的
字，再從 2 號 stack pop 字元塞入 1 號 stack
若是 2 號 stack 已經到底了，代表圖靈機跑到左邊的端點，上述的
pop 動作就不會執行
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HW#7 Problem 7

想像一台圖靈機現在處於這樣的狀態
L O V E ␣ ␣ ...

↑
那麼 2-PDA 就可能（依照處理過程不同，1 號 stack 的底部可能有更
多東西）是這樣：

$
2 號 stack

L
O

$
1 號 stack

E
V

↓↓
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現在的指針正指在 O 的位置
假設我們想要做一個 𝑂 → 𝐼, 𝑅 的操作
在 TM 上的結果呈現會是：

L I V E ␣ ␣ ...

↑
而想要用 2-PDA 呈現，其步驟會是：
1. 把 O 從 stack 2 pop 出來
2. 把 I push 進 stack 2
3. 對指針做操作：把 V 從 stack 1 pop 出來
4. 把 V push 進 stack 2
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HW#7 Problem 7

$
2 號 stack

L
$

1 號 stack

E
V

↓↓

$
2 號 stack

L
I

$
1 號 stack

E
V

↓↓
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HW#7 Problem 7

$
2 號 stack

L
I

$
1 號 stack

E

↓↓

$
2 號 stack

L
I
V

$
1 號 stack

E

↓
↓

Homework 6 - 10 Theory of Computing 2023 63 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#7 Problem 7

因為 3-tape TM 可以模擬 2-PDA，2-PDA 可以模擬 TM，而 3-tape
TM 與 TM 的能力一樣，結論就是 2-PDA 與圖靈機的辨識能力一樣
而這些事情代入到 3-PDA 也能成立（4-tape TM 模擬 3-PDA、
3-PDA 用其中兩個 stack 就能模擬 TM）
所以 3-PDA 與 2-PDA 的辨識能力都與圖靈機相同，兩者能力相等
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HW#8 Problem 1
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HW#8 Problem 1

The Turing machine tm for the problem is a 7-tuple
(𝑄, Σ, Γ, 𝛿, 𝑞𝑠, 𝑞𝑎𝑐𝑐𝑒𝑝𝑡, 𝑞𝑟𝑒𝑗𝑒𝑐𝑡), where

𝑄 is the set of states,
Σ = {0, 1},
Γ = {0, 1, ̇0, ̇1, #, ␣},
𝑞𝑠 is the start state,
𝑞𝑎𝑐𝑐𝑒𝑝𝑡 is the accept state, and
𝑞𝑟𝑒𝑗𝑒𝑐𝑡 is the reject state.
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HW#8 Problem 1
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HW#8 Problem 2
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HW#8 Problem 2

An enumerator 𝐸 is a 7-tuple (𝑄, Σ, Γ, 𝛿, 𝑞0, 𝑞𝑝𝑟𝑖𝑛𝑡, 𝑞𝑟𝑒𝑗𝑒𝑐𝑡), where
𝑄, Σ, Γ are all finite sets and

𝑄 is the set of states,
Σ is the output alphabet, where the 𝑏𝑙𝑎𝑛𝑘 symbol ␣ ∉ Σ,
Γ is the tape alphabet, where ␣ ∈ Γ and Σ ⊆ Γ,
𝛿 ∶ 𝑄 × Γ → 𝑄 × Γ × {𝐿, 𝑅} × (Σ ∪ {𝜖, #}) is the transition
function,
𝑞0 ∈ 𝑄 is the initial state,
𝑞𝑝𝑟𝑖𝑛𝑡 ∈ 𝑄 is the print state, and
𝑞𝑟𝑒𝑗𝑒𝑐𝑡 ∈ 𝑄 is the reject state, where 𝑞𝑝𝑟𝑖𝑛𝑡 ≠ 𝑞𝑟𝑒𝑗𝑒𝑐𝑡.
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HW#8 Problem 2

𝛿(𝑞1, 𝑎) = (𝑞2, 𝑏, 𝑅, 𝑐) means that when in state 𝑞1, reading input 𝑎,
𝐸 enters state 𝑞2, writes 𝑏 on the first tape, moves the first tape
head right, and prints 𝑐 on the second tape, then moves the first
tape head right.
The enumerator halts when it enters 𝑞𝑝𝑟𝑖𝑛𝑡.
𝐿(𝐸) = {𝑤|𝑤is on the second tape if 𝑞𝑝𝑟𝑖𝑛𝑡 is entered}
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HW#8 Problem 3
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HW#8 Problem 3

Let 𝐴 be an infinite Turing-recognizable language, then there exists
an enumerator 𝐸 that enumerates all strings in 𝐴.
We can construct an enumerator 𝐸′ that prints a subset of 𝐴 in
lexicographic order:

1. Simulate 𝐸, when 𝐸 prints its first string 𝑤1, print 𝑤1 and let
𝑤𝑟 = 𝑤1.
2. Continue simulating 𝐸.
3. When 𝐸 is ready to print a new string 𝑤, check if 𝑤 is longer than
𝑤𝑟 (this ensures 𝑤 occurs after 𝑤𝑟 in lexicographic order). If so, then
print 𝑤 and let 𝑤𝑟 = 𝑤, otherwise do not print 𝑤.
4. Go to 2.
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HW#8 Problem 3

The language of 𝐸′ is infinite since 𝐴 is infinite, there exist strings in
𝐴 longer than the current 𝑤𝑟 , which means 𝐸 will eventually print
one of these and so will 𝐸′.
The language of 𝐸′ language is decidable since it prints strings in
lexicographic order(which will be proved in the next problem).
Thus, the language of 𝐸′ is an infinite decidable subset of 𝐴.
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HW#8 Problem 4
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HW#8 Problem 4

𝑃𝑟𝑜𝑜𝑓 : if a language is decidable, there’s an enumerator enumerates
the language in the standard string order.

Let 𝐷 be the decider that decides the language 𝐴 and Σ is the
alphabet of 𝐴, we can construct an enumerator 𝐸 as follows:

Because Σ∗ is countable, 𝐸 can pick string 𝑠 from Σ∗ in a specific
order and run 𝐷 on 𝑠. If D has accepted, print 𝑠 out and pick the
next string; otherwise, do nothing and pick the next string directly.
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HW#8 Problem 4

𝑃𝑟𝑜𝑜𝑓 : if there’s an enumerator enumerates a language in the
standard string order, the language is decidable.

Let 𝐸 be the enumerator that enumerates the language 𝐴 in
lexicographic order, we can construct a decider 𝐷 on input string 𝑠
as follows:

Run 𝐸, when 𝐸 is about to print 𝑠, check if 𝑠 is the next string in
lexicographic order of last printed string, if so, 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise,
𝑟𝑒𝑗𝑒𝑐𝑡.(即判斷當順序走到要印 𝑠 的時候是否有印出 𝑠，如果印出了順
序在 𝑠 後面的字串卻沒有印出 𝑠，代表 𝑠 被跳過了！)
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HW#8 Problem 5
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HW#8 Problem 5

We can construct a decider 𝐷 as follows:

𝐷 = ”On input ⟨𝐴⟩, where 𝐴 is a dfa:
1. Mark the initial state of 𝐴.
2. Mark the states of 𝐴 that can be arrived from any marked states.
3. Repeat step 2 until no state can be marked.
4. If there is any non-accepting state marked, 𝑟𝑒𝑗𝑒𝑐𝑡; otherwise,
𝑎𝑐𝑐𝑒𝑝𝑡.”
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HW#8 Problem 5

Reduction method:

Let tm 𝑇 decides 𝐸dfa, we can construct a decider 𝐷 as follows:

𝐷 = ”On input ⟨𝐴⟩, where 𝐴 is a dfa:
1. Construct the complement 𝐴 of 𝐴.
2. Run 𝑇 on input ⟨𝐴⟩.
3. If 𝑇 accepts, 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”

Homework 6 - 10 Theory of Computing 2023 79 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#8 Problem 6
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HW#8 Problem 6

Use the property: 𝐴 ⊆ 𝐵 ⇔ 𝐴 ∩ 𝐵 = ∅.
Let tm 𝑅 decides 𝐸cfg, we can construct a decider 𝐷 as follows:

𝐷 = ”On input ⟨𝑀, 𝑁⟩, where 𝑀 is a pda and 𝑁 is a dfa:
1. Construct the complement 𝑁 of 𝑁 .
2. Construct a pda 𝑃 that recognizes the intersection of 𝑀 and 𝑁
(the intersection of a context-free language and a regular language is
context free).
3. Let 𝐺𝑃 be the context-free grammar that recognized by 𝑃 , run 𝑅
on input ⟨𝐺𝑃 ⟩.
4. If 𝑅 accepts, 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”
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HW#8 Problem 7
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HW#8 Problem 7

We can construct a decider 𝐷 as follows:

𝐷 = ”On input ⟨𝐺⟩, where 𝐺 is a cfg:
1. Convert 𝐺 to an equivalent grammar in Chomsky normal form 𝐺′.
2. If (𝑆0 → 𝜖) ∈ 𝐺′, 𝑎𝑐𝑐𝑒𝑝𝑡 (in Chomsky normal form, only 𝑆0 can
generate 𝜖); otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”
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HW#8 Problem 7

Reduction method:

Let tm 𝑆 decides 𝐴cfg, we can construct a decider 𝐷 as follows:

𝐷 = ”On input ⟨𝐺⟩, where 𝐺 is a cfg:
1. Run 𝑆 on input ⟨𝐺, 𝜖⟩.
2. If 𝑆 accepts, 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”
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HW#9 Problem 1
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HW#9 Problem 1

We have the definition that if there is a 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑐𝑒 between
two sets 𝐴 and 𝐵, 𝐴 and 𝐵 are considered to have the same size.

To prove that ”𝐴 and 𝐵 are of the same size” is an equivalence
relation, we need to prove the following properties:

Reflexive
Symmetric
Transitive
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HW#9 Problem 1

Reflexive:

Trivial. We can construct a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝐴 according to the following
rule: 𝑓𝐴(𝑎) = 𝑎, where 𝑎 ∈ 𝐴.
Obviously, 𝑓𝐴 is a correspondence.

Homework 6 - 10 Theory of Computing 2023 87 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#9 Problem 1
Symmetric:

Let 𝑓𝐴𝐵 ∶ 𝐴 → 𝐵 be a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, which is also a 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑐𝑒.
We can construct a 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝐵𝐴 ∶ 𝐵 → 𝐴 defined by the following
rule: 𝑓𝐵𝐴(𝑏) = 𝑎 if 𝑓𝐴𝐵(𝑎) = 𝑏. We can prove that 𝑓𝐵𝐴 is a
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 and is also a 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑐𝑒:

𝑓𝐵𝐴 is a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: for all 𝑏 ∈ 𝐵, 𝑓𝐵𝐴(𝑏) has at least one
output 𝑎 ∈ 𝐴 (𝑓𝐴𝐵 is 𝑜𝑛𝑡𝑜) and at most one output 𝑎 ∈ 𝐴
(𝑓𝐴𝐵 is 𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒). Hence for all 𝑏 ∈ 𝐵, 𝑓𝐵𝐴(𝑏) has exactly
one corresponding output 𝑎 ∈ 𝐴.
𝑓𝐵𝐴 is 𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒: if 𝑓𝐵𝐴 is not 𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒, 𝑓𝐴𝐵(𝑎) may have
two or more possible outputs, then 𝑓𝐴𝐵 would not be a
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.
𝑓𝐵𝐴 is 𝑜𝑛𝑡𝑜: because 𝑓𝐴𝐵 is a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, all 𝑎 ∈ 𝐴 have one
corresponding 𝑓(𝑎) ∈ 𝐵.
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HW#9 Problem 1
Transitive:
Let 𝑓𝐴𝐵 ∶ 𝐴 → 𝐵, 𝑓𝐵𝐶 ∶ 𝐵 → 𝐶 be two 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠, which are also
𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑐𝑒s. We can construct a 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝐴𝐶 ∶ 𝐴 → 𝐶
defined by the following rule: 𝑓𝐴𝐶(𝑎) = 𝑓𝐵𝐶(𝑓𝐴𝐵(𝑎)). We can prove
that 𝑓𝐴𝐶 is a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 and is also a 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑒𝑛𝑐𝑒:

𝑓𝐴𝐶 is a 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: for all input 𝑎 ∈ 𝐴 of 𝑓𝐴𝐶, we can obtain a
fixed output 𝑏 ∈ 𝐵 through 𝑓𝐴𝐵(𝑎) and a fixed output 𝑐 ∈ 𝐶
through 𝑓𝐵𝐶(𝑏). Hence, for all input 𝑎 ∈ 𝐴, 𝑓𝐴𝐶(𝑎) has a fixed
output 𝑐 ∈ 𝐶.
𝑓𝐴𝐶 is 𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒: if 𝑥 ≠ 𝑦, 𝑓𝐴𝐵(𝑥) ≠ 𝑓𝐴𝐵(𝑦) because 𝑓𝐴𝐵 is
𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒, and 𝑓𝐵𝐶(𝑓𝐴𝐵(𝑥)) ≠ 𝑓𝐵𝐶(𝑓𝐴𝐵(𝑦)) because 𝑓𝐵𝐶 is
𝑜𝑛𝑒-𝑡𝑜-𝑜𝑛𝑒.
𝑓𝐴𝐶 is 𝑜𝑛𝑡𝑜: for all 𝑐 ∈ 𝐶, there is an 𝑏 ∈ 𝐵 such that
𝑓𝐵𝐶(𝑏) = 𝑐 (𝑓𝐵𝐶 is 𝑜𝑛𝑡𝑜), and for all 𝑏 ∈ 𝐵, there is an 𝑎 ∈ 𝐴
such that 𝑓𝐴𝐵(𝑎) = 𝑏 (𝑓𝐴𝐵 is 𝑜𝑛𝑡𝑜). So for all 𝑐 ∈ 𝐶, there is
an 𝑎 ∈ 𝐴 such that 𝑓𝐴𝐶(𝑎) = 𝑐.
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HW#9 Problem 2
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HW#9 Problem 2

A 是 Turing-recognizable language，包含了某些 Deciders
說明必然存在一個 decidable language D，它不能被 A 裡頭的任何
Decider 給 decide
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HW#9 Problem 2

使用對角論證法：

題目提示告訴我們，既然 A 是 Turing-recognizable，就表示有一個
Enumerator E 可以生成 A
將 E 生成的第 i 個 TM 標記為 𝑀𝑖
而因為 Σ∗ 是可數集，存在一種排序法使對於任一個字串 𝑠 ∈ Σ∗ 而
言，都能標記它出現的順序
於是可以做出一張表
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HW#9 Problem 2

𝑠1 𝑠2 ... 𝑠𝑖 ...
𝑀1 accept accept ... reject ...
𝑀2 accept reject ... accept ...

⋮ ... ... ... ... ...
𝑀𝑖 reject accept ... reject ...
⋮ ... ... ... ... ...

依照這張表，建構一個 TM 𝑀𝐷
𝑀𝐷 = “On input 𝑠:
1. 計算出 𝑠 在 Σ∗ 當中的順位 𝑖
2. 將 𝑠 丟入 𝑀𝑖 當中計算
3. If 𝑀𝑖 accepts, reject; otherwise, accept.”
這樣就能建構出一台與 A 當中的任何圖靈機都不一樣的機器
而且 𝑀𝑖 本身是 Decider，這台機器一定會停機，所以 𝑀𝐷 是
Decider，並且 𝑀𝐷 在 input 𝑠𝑖 下會得到和 𝑀𝑖 不同的結果
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HW#9 Problem 2

這題能告訴我們什麼
一個存著「所有」Deciders 的語言
𝐷𝐴𝐿𝐿 = {⟨𝐷⟩ | D decides a language over Σ∗} 不可能是
Turing-recognizable
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HW#9 Problem 3
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HW#9 Problem 3

Suppose TM 𝑅 decides 𝐸𝐶𝐹𝐺, and 𝑃 is a PDA which 𝐿(𝑃) = {𝑤|𝑤
is a palindrome}.
We can construct a decider 𝐷 that decides 𝑃𝐴𝐿𝐷𝐹𝐴,

D = “On input ⟨𝑀⟩, 𝑀 is a DFA
1. Construct a PDA 𝑃 ′ which 𝐿(𝑃 ′) = 𝐿(𝑃) ∩ 𝐿(𝑀) (the
intersection of a regular language and a context-free language is
context-free).
2. Convert 𝑃 ′ into an equivalent CFG 𝐺.
3. Run 𝑅 on ⟨𝐺⟩.
4. If 𝑅 accepts, reject; otherwise, accept.”

Since 𝑅 is a decider and 𝐷 runs in finite steps, 𝑃𝐴𝐿𝐷𝐹𝐴 is
decidable.
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HW#9 Problem 4
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HW#9 Problem 4

如何偵測 PDA 裡頭的 useless state
將所有狀態都變成 nonaccepting，然後再單獨把一個 state 畫成
accepting
如果此時 PDA recognize 的語言為空，則代表這個 state 完全不會被
抵達
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HW#9 Problem 4

Let the TM 𝑀𝐸𝐶𝐹𝐺
decides 𝐸𝐶𝐹𝐺, we can construct a decider 𝑀

which 𝐿(𝑀) = {⟨𝑃⟩|𝑃 has useless states},

M = “On input ⟨𝑃 ⟩, P is a PDA:
1. 將 PDA 所有狀態都變成 nonaccepting
2. Choose one state to be accepting
3. Convert this PDA into CFG G
4. Run 𝑀𝐸𝐶𝐹𝐺

on input ⟨𝐺⟩
5. Repeat step 2 to 4
6. If 𝑀𝐸𝐶𝐹𝐺

has ever accepted, accept; otherwise, reject.”

Since 𝑀𝐸𝐶𝐹𝐺
is a decider and 𝑀 runs in finite steps, 𝐿(𝑀) is

decidable.
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HW#9 Problem 5
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HW#9 Problem 5

我們的目標是：
證明任意兩個 disjoint co-Turing recognizable languages
一定存在某個 decidable language 可以將他們 separate 開。
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HW#9 Problem 5

先令 𝐴 和 𝐵 為兩 co-Turing recognized languages，這使得 ̄𝐴 和 𝐵̄
都為 Turing recognizable
再令兩 Turing machine : 𝑇 𝑀 ̄𝐴，𝑇 𝑀𝐵̄ 分別對應 ̄𝐴 和 𝐵̄
建一個 Turing machine 𝑇 𝑀𝐶,

𝑇 𝑀𝐶 = “On input 𝑤 where 𝑤 ∈ ̄𝐴 ∪ 𝐵̄ = Σ∗

1. Run both 𝑇 𝑀 ̄𝐴 and 𝑇 𝑀𝐵̄ on 𝑤 simultaneously.
2. if 𝑇 𝑀 ̄𝐴 accepts first, reject; if 𝑇 𝑀𝐵̄ accepts first, accept.“

Homework 6 - 10 Theory of Computing 2023 102 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#9 Problem 5

因為 𝑤 ∈ ̄𝐴 ∪ 𝐵̄ = Σ∗，𝑇 𝑀 ̄𝐴 和 𝑇 𝑀𝐵̄ 其中一個會 recognize 𝑤
代表著 𝐿(𝑇 𝑀𝐶) decidable
如果 𝑤 ∈ 𝐴 那麼 𝑤 會被 𝑇 𝑀𝐵̄ accept
如果 𝑤 ∈ 𝐵 那麼 𝑤 會被 𝑇 𝑀 ̄𝐴 accept
因此 𝐴 ⊆ 𝐶 且 𝐵 ⊆ ̄𝐶
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HW#9 Problem 6
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HW#9 Problem 6

The idea is to reduce 𝐴𝐿𝐿𝐶𝐹𝐺 to 𝐸𝑄𝐶𝐹𝐺.
Assume that a TM 𝑅 decides 𝐸𝑄𝐶𝐹𝐺.
Construct a CFG 𝐺′ which 𝐿(𝐺′) = Σ∗.
We could then construct a decider 𝑆 for 𝐴𝐿𝐿𝐶𝐹𝐺 as follows:

𝑆 = “On input ⟨𝐺⟩, 𝐺 is a CFG:
1. Run TM 𝑅 on input ⟨𝐺, 𝐺′⟩.
2. If 𝑅 rejects, reject; if 𝑅 accepts, accepts.”

But we’ve known that 𝐴𝐿𝐿𝐶𝐹𝐺 is undecidable, so 𝐸𝑄𝐶𝐹𝐺 is
undecidable.
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Homework 6 - 10 Theory of Computing 2023 106 / 122



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

HW#9 Problem 7

利用反例說明 𝐴 不一定是 regular language

假設 𝐴 是 context-free language, 對應的 CFG 為 𝐺,
𝐵 是 regular language, 𝐵 = {1},
建構一個 computable function 𝑓 使得 𝑤 ∈ 𝐴 ⟺ 𝑓(𝑤) ∈ 𝐵,
令 𝑀𝐴𝐶𝐹𝐺

decides 𝐴𝐶𝐹𝐺,

f = “On input 𝑤:
1. Run 𝑀𝐴𝐶𝐹𝐺

on input ⟨𝐺, 𝑤⟩
2. If 𝑀𝐴𝐶𝐹𝐺

accepts, output 1; otherwise, output 0”
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HW#10 Problem 1
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HW#10 Problem 1

Use the fact that 𝐴𝑇 𝑀 is not Turing-recognizable.

Since 𝑓(𝑤) = 1𝑤 is a computable function and
𝑤 ∈ 𝐴𝑇 𝑀 ⟺ 𝑓(𝑤) ∈ 𝐽 , 𝐴𝑇 𝑀 ≤𝑚 𝐽 .
Thus 𝐽 is not Turing-recognizable.

Since 𝑔(𝑤) = 0𝑤 is a computable function and
𝑤 ∈ 𝐴𝑇 𝑀 ⟺ 𝑓(𝑤) ∈ 𝐽 , 𝐴𝑇 𝑀 ≤𝑚 𝐽 . (i.e. 𝐴𝑇 𝑀 ≤𝑚 𝐽)
Thus 𝐽 is not Turing-recognizable.
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HW#10 Problem 2

We can reduce 𝐸tm to 𝐸2dfa.

The idea is to construct a 2dfa that recognizes the accept
computational history 𝑐1#𝑐2# … #𝑐𝑛 of a tm 𝑀 .

To do so, the 2dfa checks if 𝑐1 consists 𝑞𝑠𝑡𝑎𝑟𝑡 and a symbol in Σ,
and then checks if 𝑐𝑛 consists 𝑞𝑎𝑐𝑐𝑒𝑝𝑡 and symbols in Σ.

For middle transitions, let one head on 𝑐𝑖 and the other on 𝑐𝑖+1 and
check each states and symbols.
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HW#10 Problem 2

Assume that a tm 𝐷2dfa decides 𝐸2dfa, we can construct a decider
𝐷 that decides 𝐸tm as follows:

𝐷 = ”On input ⟨𝑀⟩, where 𝑀 is a tm:
1. Construct a 2dfa 𝑁 from 𝑀 as described in previous slide.
2. Run 𝐷2dfa on input ⟨𝑁⟩.
3. If 𝐷2dfa accepts, 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”

But we’ve known that 𝐸tm is undecidable, so 𝐸2dfa is undecidable.
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HW#10 Problem 3

To show if Rice’s theorem is applicable, check two things:
(1) The property is of a language recognized by a TM.
(2) The property is non-trivial.

The property is non-trivial if there exists a TM satifies it and one
does not.
(a) Not applicable. 𝑀 is a TM but ”a TM halts” is not a property of
a language.
(b) Applicable. 𝑀 is a TM and ”𝐿(𝑀) is regular ”is a non-trivial
property of a language.
(c) Not applicable. 𝑀 is not a TM
(d) Not applicable. 𝐺 is not a TM.
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HW#10 Problem 4
We can try to reduce 𝐴tm to 𝑋.

Assume that a tm 𝐷𝑋 decides 𝑋, we can construct a decider 𝐷 that
decides 𝐴tm as follows:

𝐷 = ”On input ⟨𝑀, 𝑤⟩, where 𝑀 is a tm and 𝑤 is a string:
1. Construct 𝑀 ′ = ”On input 𝑢:

1. Move to the right of 𝑢 and put $.
2. Copy 𝑤 after $.
3. Simulate 𝑀 on the portion of 𝑤.
4. If 𝑀 accepts and 𝑢 is not empty, modify any character of 𝑢

and 𝑎𝑐𝑐𝑒𝑝𝑡; otherwise, 𝑟𝑒𝑗𝑒𝑐𝑡.”
2. Run 𝐷𝑋 on input ⟨𝑀 ′, 𝑢⟩ for any non-empty string 𝑢.
3. If 𝐷𝑋 accepts, 𝑟𝑒𝑗𝑒𝑐𝑡; otherwise, 𝑎𝑐𝑐𝑒𝑝𝑡𝑠.”

But we’ve known that 𝐴tm is undecidable, so 𝑋 is undecidable.
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HW#10 Problem 5
Suppose TM 𝑅 decides 𝑁𝐸𝐶𝐸𝑆𝑆𝐴𝑅𝑌𝐶𝐹𝐺,
we can construct a decider 𝐷 that decides 𝐴𝐿𝐿𝐶𝐹𝐺 as follows:

𝐷 = ”On input ⟨𝐺⟩, where 𝐺 is a CFG:
1. Map ⟨𝐺⟩ to ⟨𝐺′, 𝐴⟩ which 𝐴 is a new variable that does not
appear in 𝐺, and 𝐺′ is 𝐺 adding these new rules:

(1) 𝑆(start variable of G) → 𝐴
(2) 𝐴 → 𝑎𝐴 for all 𝑎 ∈ Σ
(3) 𝐴 → 𝜖

2. Run 𝑅 on ⟨𝐺′, 𝐴⟩, if R accepts, reject; otherwise, accept.

If 𝐴 is not a necessary variable of 𝐺′, then 𝐺’ can generate Σ∗ using
only rules from 𝐺, thus 𝐺 ∈ 𝐴𝐿𝐿𝐶𝐹𝐺; otherwise 𝐺’ cannot
generate Σ∗ using only rules from 𝐺.
But we’ve known that 𝐴𝐿𝐿𝐶𝐹𝐺 is undecidable, so
𝑁𝐸𝐶𝐸𝑆𝑆𝐴𝑅𝑌𝐶𝐹𝐺 is undecidable.
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HW#10 Problem 6

We can construct a deterministic decider 𝐷 that decides 𝐴𝐿𝐿dfa in
polynomial time as follows:

𝐷 = ”On input ⟨𝐴⟩, where 𝐴 is a dfa with 𝑛 states:
(𝑂(1)) 1. Mark the initial state of 𝐴.
(𝑂(𝑛2)) 2. Mark the states of 𝐴 that can be arrived from

any marked states until no state can be marked.
(𝑂(𝑛)) 3. If there is any non-accepting state marked, 𝑟𝑒𝑗𝑒𝑐𝑡;

otherwise, 𝑎𝑐𝑐𝑒𝑝𝑡𝑠.”

The decider 𝐷 will decide 𝐴𝐿𝐿dfa in (𝑂(𝑛2)), so 𝐴𝐿𝐿dfa ∈ 𝑃 .
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HW#10 Problem 7

We can construct an nondeterministic polynomial time decider 𝑁
decides 𝐼𝑆𝑂 as follows:

𝑁 = ”On input ⟨𝐺, 𝐻⟩ where 𝐺(𝑉 , 𝐸) and 𝐻(𝑉 ′, 𝐸′) are
undirected graphs:
1. If |𝑉 | ≠ |𝑉 ′| or |𝐸| ≠ |𝐸′|, 𝑟𝑒𝑗𝑒𝑐𝑡.
2. Nondeterministically select a permutation 𝜋 of 𝑚 elements.
3. For all {(𝑥, 𝑦)|𝑥, 𝑦 ∈ 𝑉 }, check whether ”(𝑥, 𝑦) ∈ 𝐸 iff
(𝜋(𝑥), 𝜋(𝑦)) ∈ 𝐸′” is satisfied . If all agree, 𝑎𝑐𝑐𝑒𝑝𝑡𝑠. If any differ,
𝑟𝑒𝑗𝑒𝑐𝑡.

Stage 2 can be implemented in polynomial time nondeterministically.
(arbitrary pop a node 𝑥 from 𝑉 and repeat until 𝑉 is empty)
Stages 1 and 3 takes polynomial time. Hence ISO ∈ NP.
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