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Questionl

(3.4) Below is a theorem from Manber’s book:

For all constants ¢ > 0 and a > 1, and for all monotonically increasing functions
f(n), we have (f(n))¢ = o(af™).

Prove, by using the above theorem, that for all constants a,b > 0, (loga n)¢ = o(n?).
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Questionl

(f(n)< = o(a"")

Use log, n to replace f(n).

{log, n is a monotonically increasing function}
Use a to replace c. {a> 0}

Use 2° to replace a. {b> 0,20 > 1}

(log, m)* = of(2¢)1%2")
= (log;, n)? = o{n* %:2)
= (log, n)? = o(n?)
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Question2

(3.5) For each of the following pairs of functions, say whether f(n) = O(g(n)) and/or
f(n) =Q(g(n)). Justify your answers.

f(n) g(n)
(a) (logn)sm oo
(b) n2n 3n
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Question2

(big-o) f(n) = O(g(n)):
dc, you can find an N such that Vn > N, f{n) < c- g(n) holds.

(little-o) fin) = o(g(n)):

V¢, you can find an N such that Vn > N, f(n) < c- g(n) holds.

So we can use lim,_,~ g((',',)) = 0 to verify f(n) = o(g(n)).

f(n)

Because lim, = 0 means that the growth of g(n) is obviously

g(n)
larger than the one of f{n), which means that if n is large enough,

fln) < c- g(n) must hold, the constant ¢ cannot influence this
inequality.
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Question2

(big-o) f(n) = O(g(n)):
dc, you can find an N such that Vn > N, f{n) < c- g(n) holds.

(little-o) f(n) = o(g(n)):

V¢, you can find an N such that ¥n > N, f(n) < c- g(n) holds.

By definition, we can see that f{n) = o(g(n)) implies f{n) = O(g(n)).
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Question2
(big-omega) f{n) = (g(n)):
dc, you can find an N such that Vn > N, f(n) > c- g(n) holds.

(little-omega) f{n) = w(g(n)):
V¢, you can find an N such that Vn > N, f(n) > c- g(n) holds.

So similarly, we can use lim,_, % = 0 to verify f(n) = w(g(n)).

We can also find that [f(n) = w(g(n))] = [g(n) = o(f(n))] because

: (n _
they are all lim,_, % =0.
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Question2

(big-omega) f{n) = Q(g(n)):
dc, you can find an N such that Vn > N, f{n) > c- g(n) holds.

(little-omega) f{n) = w(g(n)):
V¢, you can find an N such that ¥n > N, f(n) > c- g(n) holds.

By definition, we can see that f{n) = w(g(n)) implies f(n) = Q(g(n)).
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Question2

(little-o) f(nn) = o(g(n)):

(big-omega) f(n) = Q(g(n)):
dc, you can find an N such that Vn > N, f{n) > c- g(n) holds.

By definition, we can see that f{n) = o(g(n)) implies f{n) # Q(g(n))
because the growth of g(n) is obviously larger than the one of f(n),
which means that if n is large enough, c- g(n) must be larger than
f(n), and f(n) > c- g(n) will never hold at that moment, no matter
how small the constant c is.

Similarly, fln) = w(g(n)) implies f{n) # O(g(n)).
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Question2(a)

fin) = (log )", g(n) = ;1
[Claim] f{n) = Q(g(n)) A f(n) # O(g(n))

To prove the claim, we just need to prove that g(n) = o(f(n)),

which is, lim, .. % -0

Because g(n) = o(f(n)) implies f{n) = §(g(n)), and
g(n) = olf{n)) implies f(n) # O(g(n)).
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Question2(a)

. g(n) . logn
lim 20 = Jim %87 __
noo fln)  noeo (log n)loen
n

pucd log n- (log n)leen
{use L'Hépital’s rule}

. 1
- nlin;lo (log m)to¢ "-((In 2) (log n) log(log n)+(log n)+1)
n(ln 2)
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Question2(a)

f(n)= (log n)**#",g(n)= 57
Claim f(n)=Q(g(n)), 3cINVn >N, let c=1
(/Ogn)lognzc . ( n

logn

logn M x fGA XXZ C(Q_:)

WiEE = 7
SRR ogx > x+ loge — logx (& x>1 F11)

When n>2,c=1
f(n)=(g(n))
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Question2(b)

fln) = n*2", g(n) = 3"
[Claim] f{n) = O(g(n)) A f(n) # Q(g(n))
To prove the claim, we just need to prove that f(n) = o(g(n)),

fin) _
g — 0

Because f{n) = o(g(n)) implies f{n) = O(g(n)), and
fin) = o(g(n)) implies f(n) # €2(g(n)).

which is, lim,_,«
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Question2(b)

3n?
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Question3

Suppose f(n) is a strictly increasing function, i.e., if ny < ng, then f(n1) < f(n2), and
f(n) = O(g(n)). Is it true that log f(n) = O(log g(n))? Please justify your answer. What
about 27" = 0(29(M)? What if f(n) is constant?

Homework 3



Question3

E—a A U E R E
ERE BRI EREENCEZ
ERIEIEIEMEE 15 7 constant MR 5 73
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Question3(1)

log(f(n)) = O(log(g(n)))
RIE fln) = O(g(n)) WEZRTIS:

there exist constants c and N
such that, for all n > N, f{n) < ¢ x g(n)

{#1R g(n) < cf(n) MEEIE log}

log(f(n)) < log(c) + log(g(n))
log(f(n)) log(c)+log(g(n))

log(g(n)) — log(g(n))
log(fln)) 1 log(c)
log(g(n)) — log(g(n))
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Question3(1) cont.

log(fln)) - _log(<)
ogla(m) = Tog(a(m) T 1

lo8(f1m) < (29 1 1) x log{a(n)
{RIBFIGRPFAL : for all n > N}
log(f1n)) < (279 1 1)  log(g(m)

{set ¢ = Ll 4 1 (¢ is constant)}

Tog(g(N))
log(f{n)) < ¢’ x log(g(n))

log(f(n)) = O(log(g(n))) is true.
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Question3(2)

ofln) — O(Qg(n))
o] AR A

set f(n) = 2logyx(n) and g(n) = logz(n)
HmE IR © 2loga(n) = O(loga(n))

RESANFILUFE

22log2(n) _ O(Qlogg(n))
n*=0(n) - BEFE | (A% n* # O(n))
FRLL 20 = O(28(M) is false.
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Question3(3)

log(f(n)) = O(log(g(n))) constant case
K% f(n) % constant, log(f(n)) TR4%% constant

N IRIBEER : there exist constants ¢ and N
such that, for all n > N, f{n) < ¢ x g(n)

set g(n) = 1, fZ& log(g(n)) =0

log(f(n)) < c x log(g(n)) =cx0=0

{24 : log(2) < c x log(g(n)) =cx 0=0 P&}
052 Bm e R

Fr A log(f(n)) = O(log(g(n))) is false.

Algorithms 2020 20/33



Question3(4)

2flm = O(28(") constant case
E%& f(n) & constant

NIRIEFEZ : there exist constants ¢ and N
such that, for all n > N, f{n) < ¢ x g(n)

set g(n) = 1, i3k 28" =2
Jc>0,s.t. 2N < cx 280" = ¢ x 2

FL 2t = O(28(M) is true.
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Question4

(3.12) Solve the following recurrence relation:

T(1) =1
T(n)=n+ YY" T(), n>2
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Question4

(n D+[T(n-2)+T(n-3)+...]... @

(N)+[T(n-1)+T(n-2)+T(n-3)+...]... @

T(n-1)
T(n)=
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Question4

T(n-1)=(n-1)+[T(n-2)4+T(n-3)+...] ... @
T(n)=(n)+[T(n-1)+T(n-2)+T(n-3)+...]... @

Q@ - O:
T(n)-T(n-1)=[n-(n-1)]+T(n-1)
T(n)=2T(n-1)+1
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Question4

T(n)=2T(n-1)+1
=2[2T(n-2)+1]+1
=22T(n-2)+(2+1)
—=22[2T(n-3)+1]+(2+1)
=23T(n-3)+(22+2+1)

=2'T(n-i)+(14+2+2%+. .. +271)
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Question4

2T (n-i)+(1+242%+. .. +271)

i L (n-1) A
=2""LT(1)+(142+... +2"2)
—on— 1 1+ (2n -1
=2"-1
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Questionb

(3.18) Consider the recurrence relation
T(n) =2T(n/2) + 1, T(2) = 1.

We try to prove that T'(n) = O(n) (we limit our attention to powers of 2). We guess that
T(n) < cn for some (as yet unknown) e, and substitute cn in the expression. We have to
show that cn > 2¢(n/2) + 1. But this is clearly not true. Find the correct solution of this
recurrence (you can assume that n is a power of 2), and explain why this attempt failed.
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Questionb

T(n)=2T(n/2)+1,T(2) =1

ERE ol LR LR ERE AR D - {2 IEREFTRYRE AR
tolDlE#ERE T RBRE SR EER EREE M
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Questionb
BESEABEE —FIarIEAE LR ?
T(n) < cn
SEINFZ2HA - FIRIKR T(n) HERKR
2T(n/2) +1 < cn

BEMER - BEIENF 2% - BENBEER T(n/2) AL
c(n/2) - B2

T(n/2) < c(n/2)
2T(n/2) +1<2¢(n/2) +1

HRILEL 2c(n/2) + | B on ZRINANEIG - BERAET
IERLL 2T(n/2) + 1 FIBA - BB AL A S 2 HRER -
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Questionb

MBEEEEISIENR ?

HRERM - CUAREERR T(n) <cn—1
EREREREMES T(n) < cn

Base case: dc=1st. T(2)=2-1=1
Inductive: T(n) =2T(n/2) + 1

By inductive hypothesis, T(n/2) < ¢(n/2) — 1
So2T(n/2)+1<2(c(n/2)—1)+1=cn—1
Therefore, T(n) =2T(n/2)+1<cn—1
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Questionb

AREFRBEEUEEE T(h) <cn—1

1E| AEME - MAR W Base case » #AE B TS a8 R
2B TRE| Base case - BHIRERZA Base case + ABE T(n/2) BY

T_{-E/J'T;E n=2REREEE -

MBEBEBEHEH T(2) < cn BUEEIEESR T2) <cn-11

=2 AvAL
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Questionb

T(n)=2T(n/2) +1,T(2) =1

S—iEKER EEREMGIEFER T(h) = O(n) - BRI 7 #H
PR EETE I

TWE T(n)=aT(n/b)+ O(n*) ZT, - Hf a=2,b=2k=0
E X035 48 recurrence relations FUEEA :

O(n'ogp2) if a > bk
T(n) =< O(n*logn) if a= b*
O(n¥) if a < b

a=2>1=b"RE T(n) = O(n%22) = O(n)
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Questionb

ol DlEZEHSE T AR
BT HEZE

A T(n) = n— 1 - L FABRHEEAR
EEEH T(n) = O(n)
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