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Problem1
Algorithm FindEulerianCircuit(G = (V,E))

if any degree of V is odd or zero then
return;

initialize Path and a list L;
pick one vertex v;
TraceCycle(v, Path, G, L);
while L is not empty do

pick w from L;
if w.degree > 0 then

initialize subPath;
TraceCycle(w, subPath, G, L);
insert subPath into Path;

else
pop w;

return Path;
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Problem1

Algorithm TraceCycle(v, Path, G, L)
nowPosition := v;
repeat

pick an edge (nowPosition, w);
L.append(w);
put (nowPosition, w) in Path;
remove (nowPosition, w) from G;
nowPosition := w;

until nowPosition == v

蘇俊杰、劉韋成、曾守瑜 Homework 7 Algorithms 2020 4 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Problem1

Time complexity: O(|E|)
(insert subPath into Path could be done in O(1))
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Problem1
Algorithm FindEulerianCircuit2(G = (V,E))

if any degree of V is odd or zero then
return;

initialize vertex/edge path list;
pick some v in G;
Euler(G, v)

Algorithm Euler(G, v)
for all neighbors w of v do

remove (v, w) from G
Euler(G, w)
append (v, w) into the front of the edge path list

append v into the front of the vertex path list
(#Red choose one)

Why into the front of?
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Problem2

A directed Eulerian graph is a directed graph with an Eulerian cycle.
To prove that Gn is a directed Eulerian graph, let’s see the property
of a directed graph:
A directed graph has an Eulerian cycle if and only if every vertex has
equal indegree and outdegree.

1 Indegree: For every vertex v, if the first n − 2 bits are
a1a2 · · · an−2, then there are actually 2 edges from 0a1a2 · · · an−2

and 1a1a2 · · · an−2 which point to v. The indegree is 2.
2 Outdegree: For every vertex v, if the last n − 2 bits are

a2a3 · · · an−1, then there are actually 2 edges from v which point
to a2a3 · · · an−10 and a2a3 · · · an−11 . The outdegree is 2.

Hence, every vertex has equal indegree and outdegree, Gn has an
Eulerian cycle, that is, Gn is a directed Eulerian graph.
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Problem2

a1a2 · · · an−1

a2 · · · an−10 a2 · · · an−11

0a1 · · · an−2 1a1 · · · an−2

0 1

an−1 an−1

Figure: Edge construction of Gn.(there may be self loops)
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Problem2

Implications:

In a binary de Bruijn sequence with 2n bits, all the continuous bit
strings with the size of n are actually all the possible combinations of
n bits.
i.e. (n = 3) the sequence 11010001 contains

{110, 101, 010, 100, 000, 001, 011, 111}

Go through an Eulerian circuit from any vertex of Gn will obtain a
possible binary de Bruijn sequence with 2n bits. Why?
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Problem2
In the below figure (Gn for n = 3), all the possible bit strings with n
bits will appear exactly once, because an n bits bit string is composed
of a vertex and an edge come out from it, and all the edges will
appear exactly once in Eulerian circuit.
i.e. the bit string 101 is composed of 10 1→.

00 01

10 11

1
0

0

1
1

1
0

0
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Problem2

000 001

010

011

100

101

110 111

0

1

0

10

1

0

1

0 1

0

1

0

1

0

1
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Problem3
1 preWork:
2 v.height := 0;
3 v.balance_factor := 0;
4 v.left_height := 0;
5 v.right_height := 0;
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

0/0

0/0

0/0

0/0
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Problem3
1 preWork:
2 v.height := 0;
3 v.balance_factor := 0;
4 v.left_height := 0;
5 v.right_height := 0;
· · ·

0/0

0/0

0/0

0/0

進行 DFS traverse, 0/0= height / balance factor
preWORK: 一個 node v 被 traverse 到並要標記前的前置動作

蘇俊杰、劉韋成、曾守瑜 Homework 7 Algorithms 2020 15 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Problem3
· · ·
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

0/0

0/0

v : 0/0

w : 0/0

postWORK I: DFS 到底沒有路後，從 node w 回溯到 node v 時的動作
v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
v.bf = v.left_height - v.right_height=1-0=1
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Problem3
· · ·
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

0/0

0/0

v : 1/1

w : 0/0

postWORK I: DFS 到底沒有路後，從 node w 回溯到 node v 時的動作
v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
v.bf = v.left_height - v.right_height=1-0=1
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Problem3
· · ·
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

v : 3/0

w : 2/− 2

1/1

0/0

v.h=MAX(v.h, w.h+1)=(0,2+1)=(0,3)=3
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Problem3

1 preWork:
2 v.height := 0;
3 v.balance_factor := 0;
4 v.left_height := 0;
5 v.right_height := 0;
· · ·

3/0

0/0

0/0

w : 2/− 2

1/1

0/0

preWORK: 一個 node v 被 traverse 到並要標記前的前置動作
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Problem3
· · ·
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

v : 3/0

w : 1/1

0/0

w : 2/− 2

1/1

0/0

v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
v.bf = v.left_height - v.right_height = 2 - 3 = -1
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Problem3
· · ·
6 postWork I:
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork II:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

v : 3/− 1

w : 1/1

0/0

w : 2/− 2

1/1

0/0

v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
v.bf = v.left_height - v.right_height = 2 - 3 = -1
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Problem4

給定一個 connected 無向圖 G = (V, E)，
一個 G 的 spanning tree T = (V’, E’)，
以及 G 上的一點 v，
寫出一個函數判斷 T 是否為 G 以 v 為起點的 DFS tree。
複雜度要是 O(|V|+|E|)
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Problem4

檢查 T 是否為 G 的 subgraph (optional)
假設 vertex 資訊是單純的整數（總共幾個點），可以在 O(1) 檢查
V′ ⊆ V
假設有 T 的 adjacency list 與 G 的 adjacency matrix，可以在
O(|E|) 檢查 E′ ⊆ E
其實題目講了 T 是 G 的 spanning tree，可以當做 pre-condition
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Problem3

檢查 T 有沒有 cycle (optional)
若把 T 是 spanning tree 當成 pre-condition，那麼可以不用檢查
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Problem4

T 圖以 v 點為樹根，向外延伸出若干子樹
若是 (w1,w2) ∈ E，那麼這兩點應該要在同一個子樹

雖然我們無法事先預測當初 DFS 的執行順序，但仍然能夠觀察
T 的子樹判斷合理性
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Problem4

對 T 做 DFS
沿途標記經過的各點
對 T 上的點 w1 而言，若是 DFS 做完了，但卻有在 G 上的相鄰
點 w2 沒有被標記？
如果當初是 w1 先被經過，那麼 w2 必然會在 w1 的 DFS 過程中
被標記
如果當初是 w2 先被經過，那麼 w1 會是 w2 的 descent，對 T 做
DFS 時不可能會先看到 w1

發生這種狀況有兩個可能：
w2 沒有被 T 經過
(w1,w2) 為 cross edge
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Problem4

function isDFSfrom(G = (V,E), T = (V,E ′), v)
/* (optional) isSubgraph(T, G); */
mark v;
for (v,w) ∈ E ′ do

if v.parent = w then
continue;

if w.mark /*cycle*/ then
result := false;

w.parent := v;
isDFSfrom(G, T, w)

for (v,w) ∈ E do
if not w.mark /*cross edge*/ then

result := false;
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Problem4
from networkx import ∗

def i sDFSfrom (G: Graph , T: Graph , v ) :
#i f not i sSubg raph (T, G ) : r e t u r n F a l s e
T. nodes [ v ] [ ’ mark ’ ] = True
f o r w i n T. n e i g h b o r s ( v ) :

i f T. nodes [ v ] . ge t ( ’ pa r en t ’ ) == w:
continue

i f T. nodes [w ] . ge t ( ’ mark ’ ) :
return F a l s e #c y c l e

T. nodes [w ] [ ’ pa r en t ’ ] = v
i f not i sDFSfrom (G, T, w) :

return F a l s e

f o r w i n G. n e i g h b o r s ( v ) :
i f not T. nodes [w ] . ge t ( ’ mark ’ ) :

return F a l s e

return True
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Problem4

1

2 3

4
v = 1 或 2 時結果為 false
v = 3 或 4 時結果為 true
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Problem4

上述解答用的演算法只適用在兩點之間最多一邊的情境
某版本的舊解答（w.parent != v）以及不使用 parent 的版本可以
處理多邊
但成立的前提是一個 edge 不會被挑第二遍
也就是兒子跑遞迴時不會看到自己老爸
不然會爆炸。

所以重點是標記 edge
而標記了 edge，也不需要記錄 parent，碰到 mark 就死
改良版 algorithm 如下
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Problem4

function isDFSfrom(G = (V,E), T = (V,E ′), v)
/* (optional) isSubgraph(T, G); */
mark v;
for e = (v,w) ∈ E ′ do

if e.pass then
continue;

e.pass = true;
if w.mark /*cycle*/ then

result := false;
isDFSfrom(G, T, w)

for (v,w) ∈ E do
if not w.mark /*cross edge*/ then

result := false;
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Problem4
def isDFSfrom (G, T, v ) :

#i f not isSubgraph (T, G) : r e tu rn Fa l se
T. nodes [ v ] [ ’mark ’ ] = True
f o r w i n T. ne ighbors ( v ) :

i f i s i n s t a n c e (T, MultiGraph ) :
es = T. adj [ v ] [w]
e = None
f o r i i n es :

i f not es [ i ] . get ( ’ pass ’ ) :
e = es [ i ]
break

i f e i s None : continue
e l s e :

e = T. adj [ v ] [w]
i f e . get ( ’ pass ’ ) : continue

e [ ’ pass ’ ] = True
i f T. nodes [w ] . get ( ’mark ’ ) :

return Fa l se #cy c l e
i f not isDFSfrom (G, T, w) :

return Fa l se
f o r w i n G. ne ighbors ( v ) :

i f not T. nodes [w ] . get ( ’mark ’ ) :
return Fa l se

return True
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Problem5
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Problem5

說明為何 v 與 w 的 level 數最多只會相差 1
重要觀念：BFS 會從 Level 小到大拜訪，拜訪時會把還沒標註的
相鄰點放到下一個 Level，且同一個 Level 的點都拜訪過才前往下
一層
v 的 Level 數比較小，代表 v 點應該先被拜訪，但 (v, w) 卻沒有
被加入 BFS Tree，
代表此時 w 已經被標註了
如果 w 的 Level 數比較大，然後 Level 數比 v 大 2？
不可能！
因為此時 BFS 還停在 v 所在的 Level，頂多只會標註比 v 大 1 個
Level 的點
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