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Probleml

(7.23) Describe an efficient implementation of the algorithm discussed in class for
finding an Eulerian circuit in a graph. The algorithm should run in linear time
and space. (Hint: try to interweave the discovery of a cycle and that of the sepa-
rate Eulerian circuits in the connected components with the cycle removed in the
induction step.)
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Probleml

Algorithm FINDEULERIANCIRCUIT(G = (V. E))
if any degree of V is odd or zero then
return;
initialize Path and a list L;
pick one vertex v;
TraceCycle(v, Path, G, L);
while L is not empty do
pick w from L;
if w.degree > 0 then
initialize subPath;
TraceCycle(w, subPath, G, L);
insert subPath into Path;
else

pop w;
return Path;
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Probleml

Algorithm TrRACECYCLE(v, Path, G, L)
nowPosition := v;

repeat
pick an edge (nowPosition, w);
L.append(w);
put (nowPosition, w) in Path;
remove (nowPosition, w) from G;
nowPosition := w;

until nowPosition == v
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Probleml

Time complexity: O(|E|)
(insert subPath into Path could be done in O(1))
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Probleml

Algorithm FINDEULERIANCIRCUIT2(G = (V, E))
if any degree of V is odd or zero then
return;
initialize vertex/edge path list;
pick some v in G;
Euler(G, v)
Algorithm EULER(G, v)
for all neighbors w of v do
remove (v, w) from G
Euler(G, w)
append (v, w) into the front of the edge path list

append v into the front of the vertex path list
(#Red choose one)

Why into the front of?
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Problem?2

(7.28) A binary de Bruijn sequence is a (cyclic) sequence of 2" bits ajas - - - asn
such that each binary string s of size n is represented somewhere in the sequence;
that is, there exists a unique index i such that s = @;a;41---@iyn1 (where the
indices are taken modulo 2"). For example, the sequence 11010001 is a binary de
Bruijn sequence for n = 3. Let G,, = (V, E) be a directed graph defined as follows.
The vertex set V corresponds to the set of all binary strings of size n—1 (|V| = 2771).
A vertex corresponding to the string ajas - - - a,_1 has an edge leading to a vertex
corresponding to the string byby - - - b, if and only if asaz---a, 1 = biby--- b, _o.
Prove that G, is a directed Eulerian graph, and discuss the implications for de
Bruijn sequences.
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Problem?2

A directed Eulerian graph is a directed graph with an Eulerian cycle.
To prove that G, is a directed Eulerian graph, let's see the property

of a directed graph:

A directed graph has an Eulerian cycle if and only if every vertex has
equal indegree and outdegree.

© Indegree: For every vertex v, if the first n — 2 bits are
aias - - - ap_o, then there are actually 2 edges from Oajas - - - a,_»
and lajas - - - a,_o which point to v. The indegree is 2.

© Outdegree: For every vertex v, if the last n — 2 bits are
asas - - - ap_1, then there are actually 2 edges from v which point
to asasz---a,_10 and asaz---a,_11 . The outdegree is 2.

Hence, every vertex has equal indegree and outdegree, G, has an
Eulerian cycle, that is, G, is a directed Eulerian graph.
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Problem?2

32...3,7710 32...an711

Figure: Edge construction of G,.(there may be self loops)
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Problem?2

Implications:

In a binary de Bruijn sequence with 2" bits, all the continuous bit
strings with the size of n are actually all the possible combinations of
n bits.

i.e. (n = 3) the sequence 11010001 contains

{110, 101,010, 100, 000,001,011, 111}

Go through an Eulerian circuit from any vertex of G, will obtain a
possible binary de Bruijn sequence with 2" bits. Why?
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Problem?2

In the below figure (G, for n = 3), all the possible bit strings with n
bits will appear exactly once, because an n bits bit string is composed
of a vertex and an edge come out from it, and all the edges will
appear exactly once in Eulerian circuit.

i.e. the bit string 101 is composed of 105,
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Problem3

(7.1) Consider the problem of finding balance factors in binary trees discussed in
class (see slides for “Design by Induction”). Solve this problem using DFS. You
need only to define preWORK and post WORK.
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Problem3

1 preWork:

2 v.height := 0;

3 v.balance_factor := 0;

4 v.left_height := 0;

b) v.right_height := 0;

6 postWork [:

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork [/I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

0 0/0

0/0
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Problem3

preWork:
v.height := 0;
v.balance_factor := 0;
v.left_height := 0;
v.right_height := 0;

SO A WN R

0 0/0
0/0
0/0

¢ 0/0

#E1T DFS traverse, 0/0= height / balance factor
° preWORK —1& node v # traverse 2l E1ZECRTRI AT & ENTE
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Problem3

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

e 0/0
0/0
v:0/0

e w:0/0

@ postWORK I: DFS BIERBEE « % node w EIHiZ node v FFHIEITE
@ v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
@ v.bf = v.left_height - v.right_height=1-0=1
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Problem3

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

e 0/0
0/0
v:1/1

e w:0/0

@ postWORK I: DFS BIERBEE « % node w EIHiZ node v FFHIEITE
@ v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
@ v.bf = v.left_height - v.right_height=1-0=1
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Problem3

6 postWork [:

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

o v:3/0
w:2/—2
1/1

¢ 0/0

@ v.h=MAX(v.h, w.h+1)=(0,2+1)=(0,3)=3
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Problem3

1 preWork:
2 v.height := 0;
3 v.balance_ factor := 0;
4 v.left_height := 0;
5 v.right_height := 0;
e 3/0
0/0 w:2/—2
0/0 1/1
¢ 0/0

o preWORK: —1@& node v # traverse £\ Z1RECAIAIAT B EN1E
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Problem3

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

w:2/—2

1/1

0/0

@ v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
@ v.bf = v.left_height - v.right_height =2-3 =-1
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Problem3

6 postWork [
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;
v:3/—1
w:2/—2
1/1
0/0

@ v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
@ v.bf = v.left_height - v.right_height =2-3 =-1
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Problem4

(7.3) Given as input a connected undirected graph G, a spanning tree 7" of G, and
a vertex v, design an algorithm to determine whether 7" is a valid DFS tree of G
rooted at v. In other words, determine whether T can be the output of DFS under
some order of the edges starting with v. The running time of the algorithm should
be O(|V| + |E|).
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Problem4

#2E—1& connected #E[OE G = (V, E) -

—1& G B9 spanning tree T = (V', E') -

UK G ER—Rhv

BHE—EREFE T 2865 G Ll v SFERLRY DFS tree ©
EBHEZRZ O(|V|+|E|)
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Problem4

W& T &% G B subgraph (optional)

5% vertex Bl EEAIRIEER ( #ALLEEL ) oJ U O(1) teE

Vv

&8 T MY adjacency list B2 G B9 adjacency matrix - OJATE
O(E|) & F C E

HE®BBZE Y T 2 G B spanning tree - O] AE I pre-condition
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Problem3

@& T B2A cycle (optional)
A T 2 spanning tree E B pre-condition + ABE O] DI AFEE
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Problem4

T B v BAEIE - EONEEEET 7
2 (w,w) € E - BEEMYEZEE D —EFH

AR MIEASILIRAEY) DFS KHATIER - BINARBESERER
T NFRIHAETS M
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Problem4

HT ﬁﬁl DFS

IIRIE D AB R B

BT tE’J%ﬁ wy M= - &= DFS 5ty - 1BAIBTE G LAYAEE
2w, RBEWZET ?

MEREV 2 wy TTHEZE - BBEE wy, MAAEHE wy, B DFS B2
HAELC

MREZVZE wo EHEE - BE wy EZE wy Y descent - ¥ T
DFS I AOIBEEEEE wy

BEEEINTAMIE A
wo RBR T LB
(wi, wy) %% cross edge
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Problem4

function ISDFSFrROM(G = (V,E), T=(V,E’), v)
/* (optional) isSubgraph(T, G); */
mark v;
for (v,w) € E' do
if v.parent = w then
continue;
if w.mark /*cycle*/ then
result ;= false;

w.parent (= v,
isDFSfrom(G, T, w)
for (v, w) € E do
if not w.mark /*cross edge*/ then
result := false;
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Problem4

from networkx import x

def isDFSfrom(G: Graph, T: Graph, v):
#if not isSubgraph(T, G): return False

T.nodes[v][ 'mark'] = True
for w in T.neighbors(v):
if T.nodes[v].get( parent’') — w:

continue
if T.nodes[w].get( 'mark’):
return False #cycle
T.nodes[w][ 'parent’'] = v
if not isDFSfrom(G, T, w):
return False

for w in G.neighbors(v):
if not T.nodes[w].get( 'mark’):

return False

return True
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Problem4

LHERE false
HERE true

Homework 7

Algorithms 2020

30/35



Problem4

TR ERNESE ZRBRAEMM Z BRZ—ENIER
EIRAREREZ (w.parent = v ) IKAFER parent BIARZAST] L
RIEZIE

BRIIMETIRZ 1@ edge FEWIKFE R

2R FHREERAZSETBCESE

AAEEIE -

FRIAE R BIREC edge
MAZEC 1 edge - AT EECHE parent » Al 2] mark FLIE
W B AR algorithm ¥~
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Problem4

function ISDFSFrROM(G = (V,E), T=(V,E’), v)
/* (optional) isSubgraph(T, G); */
mark v;
for e=(v,w) € E' do
if e.pass then
continue;

e.pass = true;
if w.mark /*cycle*/ then
result ;= false;
isDFSfrom(G, T, w)
for (v, w) € E do
if not w.mark /*cross edge*/ then
result := false;
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Problem4

def isDFSfrom(G, T, v):
#if not isSubgraph (T, G): return False
T.nodes[v][ 'mark’] = True
for w in T.neighbors(v):
if isinstance(T, MultiGraph):
es = T.adj[v][w]

e = None
for i in es:
if not es[i].get( pass’):
e = es[i]
break
if e is None: continue

else:
e =T.adj[v][w]
if e.get('pass’): continue

e[ "pass’'] = True

if T.nodes[w].get( 'mark’):
return False #cycle

if not isDFSfrom(G, T, w):
return False

for w in G.neighbors(v):

if not T.nodes[w].get( 'mark’):

return False

return True
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Problemb

Consider BFS of a directed graph G = (V, E). If an edge (v,w) in E does not
belong to the BFS tree and w is on a larger level, then the level numbers of w and
v differ by at most 1.
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Problemb

RABAM v B2 w BY level BIRZREMHEE 1

SEE R  BFS Z1 Level /NBIKHEFS - FehlEELERZEH
AR IR —1E Level - HE—1@ Level BOEAERFEERE A RIE
v B9 Level BILEEU/) - 3R v BEEZE®FESD - 1B (v, w) AEA
BANA BFS Tree -

RFRIE w E&8WIZE 1

MR w BY Level EILEE K » 221 Level BlEEv K 27
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