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Probleml

(7.38) Given a directed acyclic graph G = (V| F), find a simple (directed) path
in G that has the maximum number of edges among all simple paths in G. The
algorithm should run in linear time.
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Probleml

Method 1: from top to bottom

1. Start from the vertex v whose indegree = 0.
2. Go through all the edges (v, w) and update the maximum number

of edges of w.
3. Subtract 1 from w.indegree. If it becomes 0, put w into the
vertices we will go through next.

Remember: A directed acyclic graph (DAG) may has more than 1
vertices whose indegree is 0.
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Algorithm MAXIMUMEDGESPATH(G = (V, E))

begin
initialize v.length := 0 & v.pre := null for every vertex v in V,
initialize v.indegree for every vertex vin V,
Q := empty queue;
S := empty stack;
for all vertices vin V do
if v.indegree = 0 then
put vinto Q;

repeat
remove vin Q;
for all edge(v, w) do
w.indegree := w.indegree — 1;
if v.length + 1 > w.length then
w.length := v.length + 1,
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w.pre := v,
if w.indegree = 0 then
put winto Q;
until Q is empty

v := v of v.length whose length is the largest in V,
while v.pre is not null do

push vinto S;

V= v.pre,
push v into S;

return S;
end

Time complexity: O(|V|+]|E]).

Homework 8 Algorithms 2020

5/34



Probleml

Method 2: from bottom to top

1. Use the conception of DFS. Start from the vertex v whose

indegree = 0.
2. Run DFS from v. Update the maximum number of edges of w in

postWORK for (v, w).

Remember: A directed acyclic graph (DAG) may has more than 1
vertices whose indegree is 0.
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Probleml

Algorithm MAXIMUMEDGESPATH(G = (V, E))

begin
initialize v.length := 0 & v.post := null for every vertex v in V,
initialize v.indegree for every vertex vin V;
Q := empty queue;
for all vertices vin V do
if v.indegree = 0 then
DFS_MEP(G, v);

v := v of v.length whose length is the largest in V;
while v.post is not null do

put vinto @,

V = V.post,;
put vinto Q;

return Q;
end
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procedure DFS__ MEP(G, v)

begin
mark v;
for all edges (v, w) do
if wis unmarked then
DFS_MEP(G, w);
if w.length + 1 > v.length then
v.length := w.length + 1,
v.post := w;
end

Time complexity: O(|V|+]|E]).

BEA - 2IEA - SR Homework 8 Algorithms 2020

8/34



Problem?2

Dijkstra’s algorithm for single-source shortest paths assumes that every edge of the
input graph has a nonnegative weight. Suppose we are given a graph with negative
weights on some edges, where the minimum weight of the edges is —c¢ for some
¢ > 0. If we add ¢ to the weight of every edge, then we obtain a new graph with
nonnegative edge weights. We could then apply Dijkstra’s algorithm to find the
shortest paths for the new graph and thereafter subtract ¢ from each edge of a
path. Does this give us the shortest paths for the original graph? Please explain
your answer.
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No, this method cannot give us the shortest paths for the original
graph.

There are two kinds of explanations:
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Explanation 1:

Each path has different number of edges. If there are two paths P,
and P, whose number of edges are N, and N, separately. We assume
that the weights of P; and P, are W, and W, separately and P; is
the shortest path for the original graph (W, < W,). So the weights
of P; and P, of the the new graph with nonnegative edge weights we
obtain after add c to the weight of every edge will be W) + cN; and
WQ + CNQ.

We cannot guarantee that W) + cN; < W5 + cN, still holds, which
means that if N, is large enough than N,, P, may become the new
shortest path in the new graph.
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Explanation 2:

When we run Dijkstra's algorithm, there is a precondition guarantees
that each time we search a new edge, the weight will not be reduced.
So we can promise that when we search the weight in ascending
order, the shortest path we find is always the shortest at that

moment.
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Problem?2

When we run Dijkstra’s algorithm, we will obtain the red path, but
the shortest path is blue path.
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Problem3

(7.9) Prove that if the costs of all edges in a given connected graph are distinct,
then the graph has exactly one unique minimum-cost spanning tree.
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o MK
o BHEFEEAMMIEA minimum-cost spanning trees
MST,(G) B MST,(G)
o MST,(G) B3 MST,(G) B9 edges 1% cost X/\BEF
» MSTi(G): el, e2,--- , MST(G): el , €2
o 1B e be the minimum cost edge in MST; but not MST,(G).
o fB&% e/ be the minimum cost edge in MST,(G) but not MST; .
o BE% e < e/, then MST,(G)U {e} BE4 cycle
o Let e/ (that is in MSTy(G)) be the maximum cost edge of the
cycle

BEA - 2IEA - SR Homework 8 Algorithms 2020 16 /34



Problem3
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o HAEE edge Y cost FZHEME e & maximum cost
edge

o e AEBHES minimum-cost spanning trees - 1B e’ HIRTE
MST,(G) &

e MST,(G) A=Z minimum-cost spanning tree

o EENEK BFEAMBEEEM minimum-cost spanning
trees MST,(G) ¥ MST,(G)

AT BEB MR minimum-cost spanning trees
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Problem4

What is wrong with the following algorithm for computing the minimum-cost span-
ning tree of a given weighted undirected graph (assumed to be connected)?

If the input is just a single-node graph, return the single node. Otherwise,
divide the graph into two subgraphs, recursively compute their minimum-
cost spanning trees, and then connect the two spanning trees with an edge
between the two subgraphs that has the minimum weight.
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o BEHMESAMRASMNG D EIE

o EYIEIEIFRRE - RS XRLBERYIFNGRIEIZE
LHAR

o ILEE AN EAEHIAEIRZIMEE weight FIE RSN
3

o RPTAMEMBIFBERNQYIZIFSEE

o EEFEME | BEARE—EE
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(7.61) Let G = (V,E) be a connected weighted undirected graph and 7" be a
minimum-cost spanning tree (MCST) of G. Suppose that the cost of one edge
{u,v} in G is changed (increased or decreased); {u,v} may or may not bhelong to
T. Design an algorithm to either find a new MCST or to determine that T is
still an MCST. The more efficient your algorithm is, the more points you will be
credited for this problem. Explain why vour algorithm is correct and analyze its

time complexity.
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#EE G LK minimum-cost spanning tree T

B G HEME edge B9 cost EEEL
A01a] 2 HFTAY minimum-cost spanning tree ?
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A | &)
HEREEN: &T T | Bk | AARS
XET P | FARE | ERE

HPEFE Lemma :

& spanning tree IR BERNMBET —IE - BIEH—1E cycle
M minimum-cost spanning tree M= - N_ESIN—1& edge 2K
cycle I - 518 edge —TE & cycle 2% cost A (EFE - AlE
BR5S IN—1E edge A BEFFZIEIERI minimum-cost spanning tree )
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% tree FHY edge cost A&

BRI ER 7 EE edge - BRI 2 RMIE - 2RIERE Vi, V)
MEERES

WHFTBEEEE V,, V, B edges - BEHHED cost &/)\HY
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Is this a minimum-cost spanning tree?

EEHﬂ—ﬂZ:T:’E%’fETEPE’J edge

HEBEM edge FZAEY cycle REIZHTHY edge
BEALBREAL mest EA Lemma BHIEE edge AUF ;
% cycle B1Z T edge
HFREE edge mmt?xmiﬁd\ﬁ]ﬁ’] edge
MiE(E edge ZPAAEVIEBIERHER S cost EEERK
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ABEE cycle FREMNEMNFEEETER edge 15 ?

W IBIRIEM edge 1 IRTE V) MImREA vy - ORI EER edge
2 RTE V) BIRBES vio - BERPERY edge 3 9RTE V) BUIRRES vis

£ spanning tree EARAEH cycle - FTLIE=1E 24 2 BB EDI L

E . —HAER—EREBEL —HER—ERE EE=ERIE
ohfE - HUfE0]EE
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=HMATEE—BR

{3 EQ:%ﬁEﬁ“‘/\ﬁEA e

HIRARB MCST KE - 1A 2 57 edge FERAY cycle (BEEZ 1
5% edge - B TMEEEZE Vi, Vo) BX - 2 5F edge BERE
$FK 2 9% edge Y cost ABR vi; — w— vpo BRTE EPTAERY edges
B8 3 5% edge BY cost KR vip — w— vig E’Jﬁﬁﬁ edges
IRTEEFE N0 E 3 5% edge - B 2 5% edge FZALHY cycle &
V) BBHY edges & vip — w— vi3 B edges

2 vip — w BRI cost B/VIR 2 5% edge + M 2 5% edge BY cost
INER 3 5% edge B cost + w— vi3 BRI cost HE/NAR 3 3% edge
FTL 3 3% edge EEE Vi HUEH edges BER1GE
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—HER—BEH v, £ E

2 5% edge BV cost KIS vii — vio B81E EPABR edges

3 5% edge BV cost KIS vy — vis FUPTA edges

fﬁft?t-‘#ﬁﬁﬂ:?]ﬂt 3 5% edge - B 2 5% edge FLALRY cycle EF -
D edges Z vio — Vi1 — Vi3 1R Y edges

E.%D Vie — i1 2R cost B/VAR 2 5% edge - M 2 5% edge BV cost

INER 3 5% edge BY cost » vip — vi3 SR cost B/ 3 5% edge

FRLL 3 5% edge EEE V) BEH edges B2R1BE
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—HER—BREH v, £ 8

2 5% edge BV cost KIS vii — vio B81E EPABM edges

3 3% edge B cost KR vi1 — vis — vi5 FIFTE edges
IRTETERTRI _EN0E 3 9% edge - BE2 2 3% edge FZALHY cycle &
v, E85 89 edges & Viz = Vi3 B W edges

Vie — vi3 B3R cost B/VAR 3 I edge

FLL 3 5% edge ELE V, IS edges ZRGE
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—HER—BREH vi; £ 8

2 57 edge Y cost ABR vi; — viz — vio BRIR EFRARY edges

3 5% edge B9 cost ABR vi; — vis BIFTA edges

IRTETEFTRI _EN0E 3 5% edge - BE2 2 5% edge FZRLEY cycle B2 -
Vi BB HY edges & vio — vi3 BSTR _EBY edges

B0 vio — vig SHER cost B/NAL 2 5% edge - M 2 57 edge Y cost
INIS 3 5% edge B cost - FLL 3 3% edge BEL V) BUEH edges &

KISE
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i BREEINMAR 3 5 edge AELE V) EPAY edges 1T
B8V, thEIE - M 3 9% edge XEE 2 575 - FTLL 3 9% edge
]

PRLGREREEHEE KRN S
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% tree MK edge cost [FRIE
R TP IEE edge MBI T - AEBELE cycle
HH cycle 2% cost AR
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Is this a minimum- -cost spanning tree?

AR edge 3875 1 5% - cost FRAEMANMARIZE 2 5%
EE—EAEFB P edge 3 5%

FMOT IR ZRIR RS L 3 5% edge MEWBLR - FEAATM
BRI EEEZE MCST
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function FINDNEWMINCOSTSPANNINGTREE(G, T, e = (v, w))

if e.cost increase and e in T then
remove e from T
do DFS on T from v and mark 1
do DFS on T from w and mark 2
for all (x, y) in E and x.mark # y.mark do
if (x, y) is smaller then
newEdge := (x, y);
add newEdge into T
else if e.cost decrease and e not in T then
addeinto T
find cycle and store the cycle in C
for all (x, y) in C do
if (x, y) is larger then
removeEdge := (x, y);

remove removeEdge from T
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2T=(V,E)

B V| = [V, [E] = [V] - 1

BHRE AT

W E TR DFS #FETEE O(|V'|+|E'|) = O(|V()
BIE G BIPRA edge 1E& O(|E)

K= T LB cycle I8 O(|V'|+|E])
WEE cycle £ edge RITEE O(|E'|)

O(IVI)
O(|V]) (A2 O(|E|))

Increase: O(|V|+|E|), Decrease: O(|V|)
BRITEZ O(|V|+|E|)
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