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Probleml

(a) Run the strongly connected components algorithm on the directed graph shown
in Figure 1. When traversing the graph, the algorithm should follow the given
DFS numbers. Show the High values as computed by the algorithm in each
step.

(b) Add the edge (6,8) to the graph and discuss the changes this makes to the
execution of the algorithm.

4
N/

Figure 1: A directed graph with DF'S numbers
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Problem1(a)

Algorithm STRONGLY__CONNECTED__COMPONENTS( G, n)
for every vertex v of G do
v.DFS_Number := 0;
v.Component := 0;
Current_Component := 0; DFS_N := n;,
while v.DFS_Number = 0 for some v do
SCC(v);

procedure SCC(v)
v.DFS_Number := DFS_N;
DFS_N := DFS_N — 1;
insert v into Stack;
v.High := v.DFS_Number,
for all edges (v, w) do
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Problem1(a)

if w.DFS_Number = 0 then

SCC(w);

v.High := max(v.High, w.High);
else if w.DFS_Number > v.DFS_Number and

w.Component = 0 then
v.High := max(v.High, w.DFS_Number);
if v.High = v.DFS_Number then

Current_Component := Current_Component + 1;
repeat

remove x from the top of Stack;

x.Component := Current_Component,
until x=v
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Problem1(a)
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Problem1 (a)
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Problem1 (b)
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Problem1 (b)
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Problem?2

(7.88) Let G = (V, E) be a directed graph, and let T be a DFS tree of G. Prove
that the intersection of the edges of T" with the edges of any strongly connected
component of G form a subtree of T'.
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Problem?2

Simple example

O

(a) DFS tree (b) SCC edges (c) intersection
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Problem?2

Proof by contradiction:

Suppose the intersection are two subtrees T; and T,. Because T;
and T, are in the same strongly connected component, according to
the property of SCC, there must be a path from T; to T and a path
from T, to T;.

No matter which subtree the DFS procedure reaches first, it will
finally go through the path which connects T; and T, and visit the
other subtree. Then the DFS tree T must contain that path but it
clearly doesn’t. Contradiction.
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Problem?2

SCC
DFS tree T
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Problem?2

SCC
DFS tree T
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Problem3

Consider the algorithm discussed in class for determining the strongly connected
components of a directed graph. Is the algorithm still correct if we replace the line
“v.high = max(v.high,w.DFS_Number)” by “v.high := max(v.high,w.high)"?
Why? Please explain.
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Problem3(cont’d)

Algorithm

function STRONGLY__CONNECTED__COMPONENTS(G, n)
for every vertex v of G do
v.DFS_Number := 0;
v.Component := 0;
Current_Component := 0; DFS_N := 0;
while v.DFS_Number = 0 for some v do
SCC(v)
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Problem3(cont’d)

Algorithm

1: procedure SCC(v)

2: v.DFS_Number := DFS_N;
3 DFS_N := DFS_N—1;

4: insert v into Stack;

5: v.High := v.DFS_Number;
6: for all edges (v, w) do

7 if w.DFS_Number = 0 then
8

9

SCC(w);
b v.High :=max(v.High, w.High)
10: else if w.DFS_Number > v.DFS_Number and
w.Component = 0 then
11: v.High := max(v.High, w.DFS_Number)
12: if v.High = v.DFS_ Number then
13: CurrentComponent := CurrentComponent + 1;
14: repeat
15: remove x from the top of Stack;
16: x.component := CurrentComponent
17: until x=v

V.
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Problem3(cont’d)

Still correct.

Only when line 10 is True(We look at a vertex w that we have
reached before and it does not belong to any SCC yet), we can reach
line 11.

At this moment, if w.DFS_Number and w.High are the same then
this case has no impact. If they are different, the only case is
w.DFS_Number < w.High, indicating that v and w are in the same
SCC. Since we will finally return to the vertex that is the leader of
this SCC, its High will set to max(v.High, w.High), which is exactly
its DFS_Number(Because the propagation of the High value of the
SCC leader ).

Hence when we reach line 11, we can argue that the algorithm is still
correct if we replace line 11 by “v.high :=max(v.high, w.high)" .

If you have trouble understanding this, draw a figure and trace the
code!
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Problem4

Consider designing an algorithm by dynamic programming to determine the length
of a longest common subsequence of two strings (sequences of letters). For example,
“abbee” is a longest common subsequence of “abeabcabe” and “aaabbbeec”, and
so is “abcec”.

(a) Formulate the solution using recurrence relations.

(b) Present the algorithm in suitable pseudocode, based on the previous recursive
formulation. What is the time complexity of your algorithm?
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Problem4

42 EMIME sequence - K IEMI{E sequence FERRIEEFF5!
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Problem4

A=A +"X"
B=B +"y"
LCS(A, B) = 0 if A or B are empty
LCS(A, B) = LCS(A', B) if x = y;
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Problem4

A=A +"x"
B=B" +"y"
LCS(A, B) = 0 if A or B are empty
LCS(A, B) = LCS(A', B') if x =y

otherwise...

LCS(A, B) = max(LCS(A", B), LCS(A, B'), LCS(A’, B')) if x # y;
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Problem4
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Problem4
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Problem4
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Problem4
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Problem4
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Problem4

function LCS(A, B)
m := len(A), n := len(B);
initialize Table with type int[m + 1][n + 1];
for i from 0 to m do
for j from 0 to n do
if i =0o0rj=0then
Table[i][j] := 0;
else if Afi - 1] = BJj - 1] then
Table[i][j] := Table[i - 1][j - 1] + 1;
else
Table[i][j] := max(Table[i][j - 1], Table[i - 1][j]);
return Table[m][n];
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Problemb

Consider designing by dynamic programming an algorithm that, given as input a
sequence of distinct numbers, determines the length of a longest increasing subse-
quence in the input sequence. For instance, if the input sequence is 1,3, 11,5, 12,14, 7,
9,15, then a longest subsequence is 1, 3,5, 7,9, 15 whose length is 6 (another longest
subsequence is 1, 3,11,12, 14, 15).

(a) Formulate the solution using recurrence relations.

(b) Present the algorithm in suitable pseudocode, based on the previous recursive
formulation. What is the time complexity of your algorithm?
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Problemb

#ATE—E sequence S KHEREIERIE RS (LIS) WRE
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Problemb

B 5t3K recurrence relations
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Problemb
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Problemb
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Problemb

R 2 recurrence relations O] LUERE

1 i=1
length(i) = { 1 V1 <j< x.§[i] >= S[j
max;c7(length(j)) +1 otherwise

(T={ [ 1<j<xnS[i] <S5}
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Problemb

BB BY pseudocode

BEFZ—EBlIF 1311512

length(1) =1

length(2) = max(1, length(1) + 1) (max BRI +1 #Z#EH)
length(3) = max(l length(1) + 1, length(2) + 1)

length(4) = max(1, length(1) + 1, length(2) + 1)

length(5) =

max(1, length(1) + 1, length(2) + 1, length(3) + 1, length(4) + 1)
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Problemb
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Problemb
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Problemb

B NKRETE length(4) - LERF length(5) RIMEER length(4) +1 —#1k
FRILIAEESH

1 3115 12

12 3 3 4

Recall: length(5) = max(0, length(1)+1, length(2)+1, length(3)+1,
length(4)+1)
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Problemb
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Problemb

function LIS(S)

n := len(S);
initialize length with type int[n];
for i from 1 to n do

lengthli] := 1,
for i from 1 to n do

for j from (i+1) to n do

if S[i] < S[j] then
length[j] := max(length[i]+1, length[j]);

return max(length);

EHES O(n)
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Problemb

F—1& array
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Problemb
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Problemb

I 12
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Problemb
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Problemb

function LIS2(S)
n := len(S), max_length := 1,
initialize Array with type int[n];
Array[1] := S[1];
for i from 2 to n do
find the largest element in Array[l:max_length] that is
smaller than Sil;
put S[i] right after the element;
if S[i] is put beyond Array[1:max_length] then
max_length++;
return max_length;

F88RY Array[1:max_length] @82 Array[max_length] I E
C++ B9 std::lower_bond EREFLIEH Y "4 IS/ \WTENAE |
TEMBRIINEE -
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