Software Specification and Verification  [Compiled on January 7, 2015]  Fall 2014

Suggested Solutions for Homework Assignment #2

We assume the binding powers of the logical connectives and the entailment symbol decrease
in this order: —, {V, 3}, {A, V}, =, <, F.

1. Prove, using Natural Deduction, the validity of the following sequents:

(a) Vz(P(z) = Q(z)) F VzP(x) — VzQ(x)

Solution. Assume w does not occur free either in P(x) or in Q(z).

(Hyp)
VE)
(= E)
(vVI)

(=1

Va(P(z) = Q(z)), Ve P(x) - VaP(x)
« Vz(P(z) = Q(z)), Ve P(x) - P(w)
Va(P(z) = Q(x)), Ve P(x) F Q(w)
Vz(P(z) = Q(z)), Vo P(x) - VxQ(x)
Vz(P(z) = Q(z)) F Ve P(x) — VzQ(x)

Va(P(z) = Q(x)), Ve P(x) F Va(P(z) = Q(x))
Va(P(z) = Q(x)), Ve P(x) F P(w) = Q(w)

(b) F JxVyP(x,y) = VyIzP(x,y)
Solution. Assume both w and z do not occur free in P(z,y).

(Hyp)
(VE)
(31
(3E)

JaVyP(x,y),VyP(z,y) - VyP(z,y)
(o) JaxVyP(z,y),VyP(z,y) - P(z,w)
FxVyP(z,y) - JxVyP(x,y) JxVyP(z,y),VyP(z,y) F JxP(x,w)
JaVyP(z,y) - JzP(z, w)
JxVyP(z,y) F Yy3xP(x,y)
F 3aVyP(x,y) — YyIzP(z,y)

(vI)
(=1

(¢) Vx(A(z) — B) F 3z A(z) — B, assuming x does not occur free in B.
Solution. Assume w does not occur free either in A(ZL‘) or in B.

yp)

Vax(A(z) — B),dxA(x) F JzA(x ) @)
Vr(A(x) — B),3zA(z) - B
Vi(A(z) — B) F 3zA@) 5 B
V2(A(z) = B), 32A(z), A(w) F Ya(A(z) — B) E\Z’;’)
Vz(A(x) — B),3zA(x), A(w) F A(w) — B g (s B)
Vz(A(x) — B),3zA(x), A(w) - B
B

Ve(A(z) = B), 32A(z), A(w) F Aw)



O]

2. Prove, using Natural Deduction for the first-order logic with equality (=), that = is an
equivalence relation between terms, i.e., the following are valid sequents, in addition to
the obvious “Ft = t” (Reflexivity), which follows from the =-Introduction rule.

(a) ta =t1 Ft1 = t2 (Symmetry)

Solution.

Solution.

betirtat; " Lt =t tg)
ta=t It = b
O
(b) t1 = ta,to = t3 F t; = t3 (Transitivity)
h—tota—tabta—ts "™ W —hb—tFb—t Ei]y;’))
t=tota=t3F t1 = t3
O

3. Taking the preceding valid sequents as axioms, prove using Natural Deduction the follow-
ing derived rules for equality.

(a)

(b)

F'Fty=t
Solution.
(Aziom(Symmetry))
Dita=t1Ft1 =t (=1)
F"tQ:tl—)tlzt2 FI—tQZtl( .
P l_ tl = t2
O
=t FHty=t
1 i : & (= Transitivity)
Solution.
a 't =ty G
Thta=ts >0 =13 Phty=ty
F l_ t]_ = t3
o
F; tl = t2, t2 = t3 - tl — t3 ( (iolr)n( ransitivity))
F’t1:t2|_t2:t3—)t1:t3 o
F|_t1:t2_>(t2:t3—>t1:t3)
O

4. Prove, using Coq, the validity of the following sequents. You may either print out the
Coq proofs or email them to the instructor.

() F(pvg—=r)—=(@—=r)A(g—7)
b)) Flp—=(g—=r)—=@Ag—T)
(¢) F(=pVq) = (p—q)

Solution. To be completed. ]



