Software Specification and Verification [Compiled on December 30, 2020]  Fall 2020

Suggested Solutions for Homework Assignment #2

We assume the binding powers of the logical connectives and the entailment symbol decrease
in this order: —, {V, 3}, {A, V}, =, <, F.

1. (30 points) Prove, using Natural Deduction, the validity of the following sequents:
(a) Vz(P(z) = Q(z)) F VaP(x) — VzQ(z)

Solution. Assume w does not occur free either in P(x) or in Q(z).

—

Hyp)
(VE)
(=E)
(VI)

(=1

Va(P(x) = Q(x)),VxP(x) F Ve P(x)
Q@ Va(P(x) = Q(x)),VxP(x) F P(w)
Va(P(z) = Q)), Vo P(z) - Q(w)
Va(P(x) = Q(x)),VxP(x) b VzQ(x)
Va(P(x) — Q(x)) F VzP(x) = VaQ(x)

Va(P(z) = Q(x)), Ve P(x) F Va(P(z) = Q(x))
Va(P(z) = Q(2)), Ve P(x) F P(w) = Q(w)

(b) F IxVyP(z,y) = Vy3zP(x,y)
Solution. Assume both w and z do not occur free in P(x,y).

(Hyp)
(VE)
(31
(3E)

vy P(x,y),VyP(z,y) - VyP(z,y)
(o) JaxVyP(z,y),VyP(z,y) - P(z,w)
FxVyP(z,y) - JxVyP(x,y) JxVyP(z,y),VyP(z,y) F JxP(x,w)
JaVyP(z,y) - JzP(z,w)
JxVyP(z,y) - Yy3xP(x,y)
F 3aVyP(z,y) — VYyIzP(z,y)

(vI)
(=1

(¢) Vx(A(z) — B) F 3z A(x) — B, assuming x does not occur free in B.
Solution. Assume w does not occur free either in A(x) or in B.

yp)

Vz(A(z) — B),JrA(x) - 3zA(z ) aE)
Vz(A(z) — B), 3zA(z) - B
Ve(A(x) — B) F 3aA(@) > B "
Va(A(z) - B), 3wA(x), A(w) F Va(Alw) > B) "
Va(A(z) — B), 3zA(z), A(w) - A(w) — B B Lp
Vz(A(z) — B),3zA(z), A(w) - B
B
(Hyp)

Vr(A(x) — B),3zA(x), A(w) F A(w)

1



O]

2. Prove, using Natural Deduction for the first-order logic with equality (=), that = is an
equivalence relation between terms, i.e., the following are valid sequents, in addition to
the obvious “ ¢t =t” (Reflexivity), which follows from the =-Introduction rule.

(a) ta =t1 Ft1 = t2 (Symmetry)

Solution.
H =1
bh=tiFta=t 7 T —hF =t EfE))
ta =t I t1 = Lo
O
(b) ty =to,to =tz 11 =13 (Transitivity)
Solution.
H H
h=tota=tsr b=ty " h—bnb—fr b=t
t1 =tg,leg = t3 -t =13 -
O

3. (20 points) Taking the preceding valid sequents as axioms, prove using Natural Deduction
the following derived rules for equality.

I'Fto=1

a ——— (= Symmetr
Solution.
Azxi S
Dyt =1t Ft; =to ( (i‘;’)"( ymmetry))
F l_ tl — t2
O
Pt =14 ThHty=t
(b) 1 i : & (= Transitivity)
'+ t]_ = t3
Solution.
a 't =t G
F F tl — t3
o
Aziom(T L
F) tl - t27 t2 e t3 l_ tl — tg ( (ijOIT)n( Tllnszthty))
Dti=taFta=t3 2t =13 (—=1)
FFtl:t2_><t2:t3—>t1:t3)
O

4. (30 points) A first-order theory for groups contains the following three axioms:
o Vavbvce(a- (b-c) = (a-b)-c). (Associativity)
o Va((a-e=a) A (e-a=a)). (Identity)

e Va((a-at=¢e)A(a"!-a=c¢)). (Inverse)



Here - is the binary operation, e is a constant, called the identity, and (-)~! is the inverse
function which gives the inverse of an element. Let M denote the set of the three axioms.
Prove, using Natural Deduction plus the derived rules in the preceding problem, the
validity of the following sequents:

(a) M FVavt¥e((a-b=a-c) — b= c). (Hint: a typical proof in algebra books is the
following: b=e-b=(a"t-a)-b=a"t'-(a-b)=a' - (a-¢)=(a"'-a)-c=e-c=c)

Solution.
a0 _(p
,ry=x-zFy==z
(=)
ME(@-y=xz-2)—>y==2 D)
MEVe((x-y=z-¢) >y=c) -
MEYWYe((z-b=x-¢c) —>b=c) oD
M = Vav¥bVe((a-b=a-c) > b=c)
a:

(Hyp)
M,z -y=z-2zFVYavbVe(a-(b-c)=(a-b)-c) vE)
M,z-y=x-zFVYoVe(xz™' - (b-c)=(z7'-b)-c) VE)
B (= E) Ma-y=z-zbVe(a™' - (x-c)= (27! - 2)-¢) (VE)
Mz -y=x-zFaxl-(z-y)=y
B
(Hyp)
M,z-y=z-zFVa(a-at=erat -a=e) yp
(VE)
Mz-y=z-zkbz- -z l=eAzl-z=e (AB)
2
M,z y=zxz-zFaz l-z=¢
— (= Symmetry)
Mz y=z-zke=x2"" 2
v
H
M,z -y=z-zFVa(a-e=aNe-a=a) )
(VE)
Mx-y=z-zFy-e=yhe-y=1y (AER)
Mxz-y=x-zkFe-y=y i
J:
(Hyp) TR
Mz y=zxz-ztz-y=zx-2 Cs ) the proof tree is similar to «
ij.y:x.z'—x.z:x.y =Y Y M,I'y:x'ZFx_l‘(ﬂ?'Z):Z (= B)
Mz -y=x-zFat - (z-y) ==z -
O

(b) M EVYavbtVe(((a-b=e)A(b-a=e)A(a-c=¢e)A(c-a=¢e)) — b= c), which says
that every element has a unique inverse. (Hint: a typical proof in algebra books is
the following: b=b-e=b-(a-¢c)=(b-a)-c=e-c=c.)

Solution. We use N todenote z-y=eAy-x=eAx-z=eAz-xz=ce€.



(Ha  (1)d

M,N,x~y:x-zky:z((f)l) Q B 5
MNFz-y=x-2—>y==z M,Nl—m-y:x-z(_)E)

MNFy=z 1)
MbE(zx-y=eANy-z=eANx-z=eNz-xz=¢€)>y=2z -

Ml_vc((x'y:6/\y'$:€/\$'C:€/\C’CE:6)—)y:c)
MEVYYe((x-b=eANb-z=eANx-c=eAc-x=¢e)—b=c)

M FVYa¥bVe((a-b=eANb-a=eNa-c=eAc-a=e)—b=c)

(Hyp)
M NFzxz-y=eANy-x=eANx-z=eNz-x=c¢ (AER)
MNFz-z=eAz-x=c¢ ’
(AE1)
M NFz-z=e (=5 ry)
MNte=z-2 ymmey
H
M NFz-y=eANy-x=eAx-z=eNz-x=¢€ (Hup)
(AEY)

M,NFzxz-y=e



