Software Specification and Verification [Compiled on November 15, 2022]  Fall 2022

Suggested Solutions for Homework Assignment #2

We assume the binding powers of the logical connectives and the entailment symbol decrease
in this order: —, {V, 3}, {A, V}, =, <, F.

1. (20 points) Please provide a precise description, using formulae in first-order logic, for
each of the following requirements. The functions/constants and predicates you may use
are: +, x, 0, 1, 2, <, =, <, plus those introduced in the requirement statements. Make
assumptions where you see necessary.

(a) The array A[0..N — 1] (of integers) represents a max heap with A[0] as the root.
Solution. Vi(0 <i < N—-1—=(2xi+1<N—-1— Ali] > AR2xi+1)A(2xi+2 <
N—1— Ali] > A2 x i+ 2])) O

(b) The array A[0..N — 1] (of integers) is cyclically sorted in an increasing order. (Note:
3,4,0,1,2, for example, is a cyclically sorted list of integers.)

Solution.
Vi(0<i< N-—1— Ali] < Afi +1])

V
(AIN - 1] < A[0])A
3j((0<j<N-1)A
Vi(0 <i<j—1— Ali] < Ali + 1])A
Vi(j <i< N —1- Ali] < AJi +1])))

2. (20 points) Prove, using Natural Deduction, the validity of the following sequents:
(a) Vz(P(z) —» Q(z)) F VaP(x) — VzQ(z)

Solution. Assume w does not occur free either in P(x) or in Q(z).

(Hyp)
(VE)
(=E)
(V)

(=D

Va(P(x) = Q(x)),VxP(x) F Ve P(x)
Q@ Va(P(x) = Q(x)),VxP(x) F P(w)
Va(P(x) — Q(x)),VxP(x) F Q(w)
Vz(P(z) = Q(z)), Ve P(x) F VxQ(x)
Va(P(x) — Q(x)) F VzP(x) = VaQ(x)

Va(P(x) = Q(x)),VaP(x) F Ve (P(z) — Q(x))
Vz(P(z) = Q(z)), Ve P(x

—
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(b) F JxVyP(x,y) — VyIzP(x,y)
Solution. Assume both w and z do not occur free in P(z,y).



(Hyp)
(VE)
(31)
(3E)

JaVyP(z,y), VyP(z,y) - VyP(z,y)
(o) JxVyP(z,y),VyP(z,y) F P(z,w)
JaVyP(z,y) - JaVyP(x,y) daxVyP(z,y),YyP(z,y) - JzP(zr,w)
JaVyP(z,y) F JzP(z, w)
JxVyP(z,y) F VyJzP(x,y)
F JaVyP(z,y) — YyIzP(z,y)

2
(=1)

O]

3. (20 points) Prove, using Natural Deduction for the first-order logic with equality (=),
that = is an equivalence relation between terms, i.e., the following are valid sequents, in
addition to the obvious “F t = ¢” (Reflexivity), which follows from the =-Introduction
rule.

(a) t2 =t1 Ft1 = t2 (Symmetry)
Solution.

H =1
hetrh=t " oLt b=t EfE))

to=t1Ht1 =1

]
(b) ty =to,to =tz 11 =13 (Transitivity)
Solution.
h—tati—talta—ts % b —faFh =1 fy;’))
t=ta,ta =t3F t; = t3
O

4. (20 points) Taking the preceding valid sequents as axioms, prove using Natural Deduction
the following derived rules for equality.

I'Eto=1

a —— (= Symmetr
@) T =, 5 y)
Solution.
Axi S
Mot =g )
Fl—t2:t1—>t1:t2 Ff‘tgztl (> E)
TFt =ty
O
'kt =t Ikito=t
(b) L 23 (= Transitivity)
Tkt =ts
Solution.
« 'k tl = tg (> E)
Pl—t2:t3—>t1:t3 Pl—tgztg (= E)
't =13
o

(Aziom(Transitivity))
(=1)
(=)

[ty =to,to =131 =13
F,tlztgl—tzztg—)tl :tg
F|—t1:t2—>(t2:t3—>t1:t3)




5. (20 points) A first-order theory for groups contains the following three axioms:

o VavbVce(a- (b-c) = (a-b)-c). (Associativity)
o Va((a-e=a) A (e-a=a)). (Identity)

e Va((a-a~t=¢e)A(a"! a=c¢)). (Inverse)

Here - is the binary operation, e is a constant, called the identity, and (-)~! is the inverse
function which gives the inverse of an element. Let M denote the set of the three axioms.
Prove, using Natural Deduction plus the derived rules in the preceding problem, the
validity of the following sequent:

M EYaVWe((a-b=a-c) — b=rc).

(Hint: a typical proof in algebra books is the following: b = e-b = (a~!-a)-b=a"1-(a-b) =
al(a-c)=(a' a)-c=e-c=c)

Solution.

o )

Mx - y=x-zFy==z
ME(@-y=z-2)—>y==2
MEVe((x-y=z-¢) >y=c)
MEYWNe((z-b=x-¢) —>b=c)
M FVYa¥bVe((a-b=a-c) - b=c)

(=E)
(=1
(vVI)
(vVI)
(vI)

M,z -y=z-2zFYa¥bVe(a-(b-c)=(a-b)-c)
M,z-y=x-2zFVYVe(z - (b-c)=(z71-b)-¢c)
6] 5 M,z -y=z-zFVe(z7!-(z-c)= (271 2) ¢

(=E)
Mz-y=x-zF@'t-2)y=y Mz-y=x-zFal - (z-y)=(@ "' 2)y

Mz -y=x-zFax ' (z-y)=y

(Hyp)
(VE)
(NE2)

M,z-y=z-zFVa(a-al=erat-a=e)

L—epzl.z=c¢

Mz y=z-zFx-x~

Mz -y=x-zFzb-ox=e

Mz y=x-zFe=a"1 2

(= Symmetry)

(Hyp)
(VE)
(AE2)

M,z-y=z-zFVa(a-e=aNe-a=a)

Mx-y=x-zFy-e=yAe-y=y
Mz y=z-zFe-y=y




(Hyp)

Mz y=zxz-z2btz-y=x-2 the proof tree is similar to «

=S t
May=sztoz=ay " May—zate @)=z

- B)
Mz-y=z-zFa ' (z-y)=2

O



